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PREFACE. 



SO much has already been said by 
different authors^ by way of preface, a- 
bout the necessity, the utility, and the 
advantages that are derived from cuhi- 
vating the mathematical sciences, that 
it would be difficult to add any thing on 
that subject, without repeating what has 
been often stated by others ; but as the 
rules and solutions given in the present 
work, will differ materially from those 
which have been given by former au- 
thors on the same subject, some further 
remarks are in a measure necessary. 

Algebra, the subject of the present 
treatise, is certainly one of the princi- 
pal branches of the mathemieitical sci- 
ences, and has frequently been called 
the master-key to all the rest ; but may, 
perhaps, with equal propriety be called 
the calculation or arithmetic of nature; 
and is supposed to have been much bet- 
ter understood by the ancients than at 
present. Indeed, the art appears to have 
been in a great measure lost to the Eu- 
ropeans for a considerable length of time, 
and to have arrived at its present imper** 
feet »\9ie by very slow degrees ; and I 
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am induced to believe the principal rea- 
son why a science so much to be valued 
has not been more generally cultivated 
and understood, arises chiefly from the 
laborious, mysterious, and I think I may 
add unnecessary investigations in which 
the rules for the solutions are involved. 
Where propositions, simple in them- 
selves, are rendered abstruse by the fine 
spun, logical reasoning, used' to eluci- ^ 
date, explain or resolve them, it fre- 
quently tends more to perplex and dis- 
tract the mind, and lead to error, than 
to elicit truth. Another equally or per- 
haps more injurious tendency is, that it 
often deters youth, even of the brightest 
natural parts, from engaging or conti- 
nuing to persevere in studies of this na- 
ture. 1 am not singular in expressing 
my opinion, when I obsen'e, it would ap- 
pear that nearly all the gentlemen who 
have written on this science have been 
more desirous to exhibit their own inge- 
nuity and erudition to those who were 
in some measure familiar with the sci^i 
ence, than to instruct the mere tyro. 

From these considerations, I have un- 
dertaken the present performance, the 
intention of which is to enlarge or en- 
rich, and also to simplify, the exact sci- 
ences in general, by givimr certain spe- 
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cific rules, founded on a few self-evident 
principles ; but which, as before obser- 
ved, differ, with the exception of one or 
two, entirely from those which have been 
usually give n-^ — ^requiring, in most instan^ 
ces, not one-tenth part of the figures> 
characters or symbols; on which ac- 
count, the present work will be found 
to contain nearly twice as much matter 
as is contained in the same space in any 
other work on the same subject. It has 
been my particular wish to give the rules 
with so much plainness, that they may 
be fully as easy to be understood by a 
tyro, as any of the rules in common 
arithmetic : and it can be asserted, on 
the confidence of actual experience, that 
in twelve or fifteen days, a youth, ac- 
quainted with vulgar and decimal frac- 
tions, and the extraction of the roots, 
will, with the assistance of a competent 
teacher, acquainted with the principles 
and practical application of these rules, 
acquire a knowledge of resolving simple 
and quadratic equations, which frequent- 
ly is not acquired by six months' close 
application. 

My first intention was to publish ^ 
complete system of practical algebra, 
including simple, quadratic, and cubic 
equations, with mixed equations, and of 
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the higher powers. Particular circum- 
stances having rendered that for the pre*- 
sent impracticable, and as the change in 
the system which I propose, appUes 
more generally and forcibly to quadratic, 
aubic, and the higher powers, than to 
«[imple equations, I have been induced 
to submit the present compendium.—* 
Should this meet with sufficient patron*- 
age, a second number, now in forward-x 
•i;iess, will be published, giving the ap-- 
plication of the rules here laid down, to 
the solution of every description of equa- 
tions that has been proposed by th0 
most popular authors, and a number of 
others that are thought to be original : 
also, an entirely new method of solving 
cubic equations and equations of dif**- 
ferent dimensions ; and a third number, 
will give the application of algebra to 
geometry. The whole three numbers 
will contain, it is thought, about two hun- 
dred octavo pages, and it is my particu« 
lar wish to make the whole work a mor^ 
complete system of practical algebrai 
than any that has ^t been published* . 



on THE 



SCIENCE OF ALGEBRA. 



In alt calculation^^ whether in what is called Coitimoit 
or Mercantilie Arithmetic, or in the branches of Mathema* 
tics, the object i» to find, from some given quantity or quam* 
titles, a cartain required unknown quantity. So is algebra 
UppUed, in the mcfk general manner, to the relation or com- 
parison of abstract <{u»ntitie9, by certain rules and methods, 
whereby such questions and propositions are resolved or an- 
swered, as will nol come within the compass of common 
arithmetic^ 

In all algebraic calculations, the numbers or quantities^, 
whether given or required, are not expressed in general by' 
the common method of figures, but by some letter in the al- 
phabet — the given quantities, for the sake of distinction, by 
the initial letters a, 6, c, d, &c., and the unknown qoantitieg 
by the final letters ti, Wy x, y, z. But in the present number, 
it being mtended principally to initiate the pupil, ail the g^« 
Ten quantities will be expressed by figures, and the interme- 
diate and unknown quantities only by letters. The general 
use of letters may after this be adoptrd, without that incon*- 
trenience which would restdt from commencuig with them 
too soon. 

There are also in algebra certain signs or notes made use 
t>f to show the relation and dependance of quantities one 
upon another ; which it is necessary the learner should first 
of all be well acquainted with. 

The sign + phigy or more, signifies that the quantity to 

which it is prefixed is to be added : thus, 6-^2 signifies thai 

2 is to be added to 6 ; or a+b signifies that the quantity ex- 

1 by & » to be added to the quantity expressed by a. 

Ei.-^A quantity which has no sign prefixed, as the 
quwitities in each of tte above examples, is to be 
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tmderstood sis having the sign + before it ; as +& aiid -f e^^ 
or +6+2, and +a+6.] 

The sign — wit»tt«, or less, signifies that the quantity which 
it precedes is to be subtracted : thus, 8—3 signifies that 3 is 
to be subtracted from 8 ; and a— 6 signifies that the quan* 
tity represented by h is to be subtracted from the quantity 
represented by a. [Note. — Those quantities to which the 
sign + is prefixed, are called positive^ or affirmative ; and 
those to which the sign — is prefixed, are called negative,'^ 

The sign X signifies that the quantities between which it 
stands are to be multiplied together : thus, 4X6 signifies that 
4 is to be multiplied by 6 ; or a x 6 signifies that the quan- 
tity represented by a is to be multiplied by the quantity re- 
presented by h ; also, when any number of letters are joined 
without any sign between them, it signifies that they are to 
be multiplied together : thus, aby ahc, abcd^ signifies that the 
quantity represented by each of these letters, is to be contW 
nually multiplied by the other. 

The sign 4- signifies that the quantity preceding it is to 

be divided by the quantity that comes after it : thus, 24~- 8 

signifies that the number 24 is to be divided by 8 ; and c-r-d 

signifies that the quantity represented by c is to be divided 

by that represented by d. [Note. — Division is also some- 

28 
times expressed as a vulgar fraction : thus, — signifies 28 di- 

vided by 4 ; and - signifies that th6 quantity expressed hyc 

a 

\s to be divided by d] 

The sign =, called the sign of equality, is used to denote 
that the quantities standing on each side of it are equal : 
thus, 7+5=12 shows that 7 added to 5 is equal to 12 ; and 
xzsz2m+d shows that x is equal to twice the quantity repre- 
sented by m more the quakitity represented by dJ] 

The notes : : : : signify that the quantities standing be- 
tween each of them are proportional : thus, as 4 : 6 :: 12 : 1^ 
denotes that 4 b in the same proportion to 6 as 12 is to 18 ; 
or thus, as a: b :: c : d denotes that a is in the same propor- 
tion to 6 as c is to d» 

Numbers that are involved to a square, cube, or any high^ 
power, are expressed by placing the index of the power to 
^hich they are involved above the letters or figures : thus, 
42^ signifies the square of 42, or 42 to be involved to the 
second power ; and a' signifies the square of a, or a to be 
inv<^ved to the second power : 74^ signifies the cube of 74; 
or h^ signifies the cube or third power of b ; and thus ai^ 
expressed the fourth, fifth, sixth, or higher powers. 
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The si^Q V ^ ^^^^ ^^ show the root of some power to be 
extracted. When there is no index, it means the square root. 
V itieans the cube root. V m^^uis the biquadrate^ or the 
foot of the fourth power, y the fifth root, &c. 
' A vinculum is intended to combine two or more numbers, 
and to express the quantity of those numbers thus combined* 

It is made different ways ; as by a bar, thus, b+c^ sigmfy* 

ing the combined number of b added to c ; or thus, e^-^ej^, 
signifying the square of the nuijiber formed by subtracting 
c from d; or thus, by parentheses, (d-^^e)^, signifying the 
square of the number formed by adding c to d. This last 
!s the only vinculum used in this work. 

4 

There are many other characters or symbols used by dif- 
ferent authors, but these, it is believed^ are all that are ne- 
cessary in the present number. 

It may not be improper here to give a few practical ex- 
tkmples of the notations before given». 

1. 64^4-^3=7 ; that is, 6 more 4, less 3, is equal to 7; of 
by substituting letters for figures, a+b — cvs^d : 

2. Or, 7— 2-h9 X 5=70 ; that is, 7 less 2, more 9, mul- 
tiplied by 5, is equal to 70 ; or by substitutkig letters, a— 6 
^cxdsse. 

3. 6^ -f- 9— 55=40 ; that is, the square of 6 more 9, less 
5, is equal to 40 ; or by substituting letters, a>+i.— c:5r<f. 

4. \/49+ 5 X 8 =96 ; that is, the square root of 49 mwc 
5, multiplied by 8, is equal to 96 ; or by substituting l^ers, 
^b+axc^d. 



OF EQUATIONS IN GENERAL. 



M. HE Doctrine of Equations is that branch of alge- 
bra which treats of the different methods of finding the value 
of some unknown quantity or quantitlteSf by means of the re- 
lation they bear to others which are known or givep, and 
may be divided into simple and compound equations/ 

A simple equation is when it contains only the first power 
of the unknown quantity or quantities. 

A compound equation is when the unknown quantity or 
(Quantities are raised to the second; third, or any bigber 
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power, and are called quadratic, cubic, biquadratic, Sx. ^ 
though Mr. Bonnycastle and some other authors have given 
the term of quadratic equations to many that are higher 
than the second power ; and, following their example in the 
present work, all the equations are called quadratic. Thus, 
74.5^12, is a simple equation, meaning that 7 added to 5 
is equal to 12, or a+b^c means that the quantity expressed 
by a mo^re b {pr added to the quantity expressed by b) is 
equal to the quantity ei^pressed by c. Or, x^ +5a3— 6=60^ 
is a quadratic equation, meaning that the square of Xy or of 
90me unknown quantity, added to 5 times that quantity, and 
6 subtracted^ is equal to the given quantity 6Q, 



OF THE RESOLUTION OF EQUATIONS. 

The resolution of simple, and all other equations, means 
the disengaging the unknown quantity or quantities, with 
which it or they are connected, and making them stand alone 
on one side of the equation, so as to be equal to such quantity 
or quantities, as are given or known on the other side, for 
the performing of which, several rules of art, or processes 
founded on certain self-«yident principles, are required, each 
of which will be given, as applicable to the different cases 
that occur* 

I will here give a few of the principal aphorisms, on which 
the theory now proposed is founded. 

I. The product of any two numbers is equal to the square 
of iheir mean proportional, less the square of one half their 
difference. 

IJ. The continued product of any three numbers in artth* 
metical progression, is equal to the cube of the middle num* 
ber^ less the square of their common difference multiplied by 
the middle nuipber. 

m. The continued product of four numbers in arithme- 
tical progression, is equal to the product of the two means^ 
Doultiplied by the product of the two extremes. 

IV. The sum of the squares of any two numbers, is equiS 
tp twice the square of their mean proportionajj mpre twicfO 

tie square of one half their differ^oe. 
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V. The sum of the squares of three numbers in arithmeM 
tical progression^ is equal to three times the square of the mid- 
dle number^ more twice the square of their common difference^ 

VI. The sum of the squares of four numbers in arithme- 
tical progression, is equal to four times the square of their 
mean proportional, more five times the square of their etiOf 
mon difierence. 

VII. The sum of the squares of five numbers in arithme- 
tical progression, is equal to five times the square of the mid« 
die number, more ten times the square of their common dif* 
Arence. 

VIII. The difference of the squares of any two numbers^ 
is equal to their sum multiplied by that difference. 

IX. The sum of the cv^ifes of any two numbers, is equal 
io twice the cube of their mean propoitional, more six times 
the mean proportional multiplied by the square of one half 
their difference. 

X. The sum of the cubes of any three numbers in arith« 
metical progression, is equal to three times the cube of the 
middle jnumber, more six times the middle number multiplied 
by the square of their common , difference. 

XI. The spm of the cubes of any four numbers in arith- 
metical progression, is equal to four times the cube of their 
mean proportional, more fifteen times their mean proportion* 
al multiplied by the square of their common difference. 

XII. The sum of the cubes of any ^ye numbers in ariti|» 
metical progression, is equal to five times the. cube of their 
mean proportional, more thirty times their mean proportion^ 
al multiplied by the square of their common difference. 

XIII. The difference of the cubes of any two numbers, 
is equal to the square of their mean proportional multiplied 
by three times their difference, more twice the cube of on^ 
half their difference. 

These aphorisms may be so modified as to apply to the fourth, 
fifth or sixth powen, as will appear in the work. 

XIV. The continued product of any three numbers in 
geometrical progression, is equal to the cube of the mid^li^ 
term» 
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XV. The continued product of four numbers in geome- 
trical progression, is equal to the square of the first term mul- 
tiplied by the square of the last, or also equal the square of 

^ the product of the two means, or of the two extremes. 

XVI. The sum of the squares of three numbers in geo- 
metrical progression, is equal to three times the square of a 

. mean proportional between the two extremes, more the square 
of one-half their difference, and the product of the two ex- 
tremes is equal to the square of the middle term. 

XVII. The sum of the squares of four numbers in geo» 
metrical progression, is equal to the square of the sum of 
the two extremes, more the square of the second term mul- 
tiplied by the square of the ratio less one. 

XVIII. The continued product of any three numbers in 
harmonical proportion, is equa)^ to the cube of the second 
term, more the cube of the difference between the second 
and third. 

XIX. The sum of the squares of any three numbers, in 
harmonical proportion, is equal to three times the square of 
the middle number, more three times the square of the dif- 
ference between the second and third, more the square of the 
difference between the first and second numbers. 



QUADRATIC EQUATIONS. 

CASE I. 

When the unknown quantity is involved in any number ' 
of terms of the square of that quantity, also including a 
number of simple terms equal to any given quantity, as Sx^ 
4-6a;=45=:a; these problems are solved by dividing the 
whole equation by the number of square terms given : thiiS| 

Given 3a;^-|-6x=45, to find a?; 

by dividing by 3, we have a;^-|-2xaBl5 ; and then comple- 
ting the square, which is by squaring one-half of the simple 
terms (or, as they are generally termed, the coefficients), and 
then adding the square thus produced to the given quantity, 
which will then be a square, (or, as it is sometimes termed, 
a rational number ;) then extract the root^ and add to or sub- 
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tract from the root thus found the quantity J;hat was squared ; 
i. e. when the sign is + subtract, and when the sign is — add ; 
and the number or quantity thus produced will be c=x ; or 
the unknown quantity required. 

EXAJUPLES. 

1. Given x^+xs=i72 ; to find a;. 

1 1^ 1 1 

First, a>4-2=-a; ; then -^=-, and 72+-=72i ; thfen 
j2 2 1^ 4 4 * 

Vr2j=8J=:x+^; then 8j--=;8=:a;. 

82=64+8=72. J- Proof. 

2. Given a;2 + 8a;=i 84; to find a;. 

First 8a?-t-2=:4a;, and 42=«l6 ; then 84+l6=100=sr 
(a:+4)2 ; then V100=10=i:a;+4; then 10— 4=65ca;. 

62 =364- 8 X 6=84. J^ Proof. 

3. Given Sa;2 + I2ar=288 ; to find a;. 

First by dividing by 3, we have a;2+4ac=96; then 
4a;-T-2=2x, and 22=4; then 96+4=100; and ^lQOz= 
10tera?+2 5 then 10— 2=^8'* re. 

82 X 3= 192, and 8 X 12=96, 1 p,^- 
and 192+96=288. 5 ^^^^' 

4. Given 4a;2+9a;=405 to ; find x. 

First by dividing by 4, we have aj2+2ja;=l01j ; then 

9 Q2 81 81 

2i-r2=lJ or=|; and \=-^y then 10lJ+|^=102ff ; 

ften V I^^ll == T or=lOj; then lOj— lj=9=:ar. 

o 

9^=81 X4=324, and 9X9=81 ; > p ^ 
^ then 324+81=405. J 

5* Given x2— 4as=60 ; to find x. 

First 4a:-r2=2j£;; then 22=4^ and 60+4s=64,aDd 
V64=8=a;— 2; then8+2=10=a:. 

102=100, and 4X 10=40, ? « ^-. 
and 100-40=60. $ *^^'' 

6. Given 10ar2-.i5j;=ioO ; to find x. 

First by dividing by 10, we have a;— l|^aj=10 ; then 

.i . o 3 A^^ 9 . ,^.9 169 , /169 
lj^^2=-x^and-^^; then 10+^=^, and ^^ 

=— =s3i, and 3i+-=4=sx. 
4 ^4 
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4'=16X 10=160, and 4X 15=s60, > p.^- 
and 160-60=100. ^f«>oi. 

7' Given 2a?*'^x=15 ; to find x. 

First by dividing by 2, we have x^ — =7i ; then one- 

X X 1 1^ 1 ^1 121 

half of -=-, or -X, and -= j^ ; then 7J+-=_, and 

^^g=-*2i, and 2f+-=3=x. 

3"=9x2=18^S=cl5. J^ProoL 

I 

BXAMFLE8 FOE PEACTICE. 

i. Given 4af^—a;=248; to find x. 

Answer a?=s8. 

9. Given a:' +&r+ 20=335; to find a?. 

Answer a;s= 15. 

10. Given 6x2^iOx+30=186 ; to find x. 

Answer a;=dt 

11. Given J?2^.8arfi=: 2x2 +12; to find x. 

First 2x^^x^=zx^ ; then by transposition we have 
»2=8a;— 12; therefore a;2—8a;=— 12 ; then by comple- 
ting the square, we have 12 '-4^ =—4; then </4=2, and 
4+2=6=a?. 

6^+6x8=84, and 2x^ + 12=84. J^ Proof. 

12. Given 6x2+4a;=4x2-|-l98 ; to find x. 

First 6x^ — 4x^ =2x2 . ^g ^^j^ \^^y^ 2x2+4x= 198; 
then by dividing by 2, and completing the square, &c., we 

* have x=9. 

x2 
IS. Given — +6x=80; to find x. 

#• 2 

First by multiplying by 2, we have x2+l2x=l60 ; 
then by completing the square, &c. as before, we have x=8. 

x2 

* 14. Given — l-x=60; to find x. 

3 

First by multiplying by 3, we have x2+3x=18Q. 
g^2 Answer x=12. 

15. Given — -+6x=58j ; to find x. 

9 4x ^ 

First by dividing by 4j, or -, we have x2+---=13 ; 

and then proceeding as before, we find x=3. 
Sx^ 5x2 

16. Given— +-r^+lOx— 9=260; to find x. 

^ *" Answer xs=^ 
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17. Given ax^+bxssc ; to find x. 

h c 

First by dividing by a, we have x^-\ — «=;-; thea 

;p=^ — h ( -x-r-^ \ x-r 2; and by putting 0^=69 &=12| 

and (r?=144, we find 6a;2 4. i2a;=144 ; then by proceeding 
as before, we have a;;=4. 

18. Given -x^— -a;+7f :?=8 ; to find x. 

5 

First 8 — 7f = - ; then by multiplying by 2, we 

2 
have a;2 — -a:= 1 J ; and proceeding as before, we find aras 1 J. 



1 1 

2 3 



19- Given - a:-^- -/x=22 J ; to find pc. 



' 2 
First by multiplying by 2, we have x y/x^s^AA^f 

2 1 i2 1 1 ^ 

then --^. 2=-, and -j=^; then 44^+~=44J, by comple- 
ting the square; then^44f=:?6|^ attd 6§+-=7=s V^,an4 

20. Given 5x— 10-/a;=40 ; to find x. 

First by dividing by 5, we have x — 2 V^=8; then. 
2^x4-2= ^07, and l^ssi ; then 8+1=9, by completing 
the square; then ^9=3= V^-^l,and 3+1== Va;==4 ; or 

43?=l6=a:, 

16X5=80; 10X4=40;^p . 
and 80«.40=40. 5 '^'^'• 

21, Given Gflc— 12 '/a;tr:l44; to find o^ 

First by dividing by 6, we have x— 2 •/x=24 ; thea 
by completing the square, 24+1^25:?5(a;— 1)^ ; then v^2ft 
=555=:ar— 1, and 5+ 1=6= ^y/x, and a:=36. 

36x6=216-12 ^x=72,>p^^ 
and 216—72=144. 5 ^^^ 



22. Given (Hiyi^)=aj; to find x. 



First 7a;=12 ^x+x ; i.e. 6x=12 -/a? ; then 12+^ 
js32;= V^, or a:=4. 

23. Given ( ^^Va;+2a; \ ^^ i.e.4ja:=10Va?+2a?; to. 
findx. > ^ / 

Then 4jx— 2j?— 2ia?=;slOV«; 10-r2j»:43s V«i 
9rx=l6. 

24. Given «^— ICfccss— 24 5 to fiad a?» 



(' ■ 
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First 10-r-2=D9 and 5^=25, and 25--24=sl, and 
l+5=;6=a?. 

This case is the only one wher« the rales are not entirely differ- 
ent from any that I have seen given by ottiers. I have endeavored 
to give t^is as simply as possible. I have also given a greater va- 
, riety of examples in this case than any other, a's it applies to a num- « 
ber of equations, mjoiny of which are solved with more ease by 
other rules, which will be given in their proper places. 

CASE IL 

The sum of two numbers, and their product given, to find 
those numbers; 

NoTB.T-In all problems of this kind, wb.edier the pro^ 
duct, the square, cube, or any higher ppwer be involved, in 
two or any greater number of terms in arithmeticiil progres- 
sion, the sum of the numbers, divided by the number of 
terms, will always quote a mean proportional to the other 
numbers involved ; then, by finding a common difference, 
the unknown quantity or quantities will stand free from all 
other involvements* Therefore, in this case, observe this 

RULE, 

One-half of the given sum of the two numbers will be a 
mean proportional to the two required numbers ; then the 
square of that proportional, less the given product, will equal 
the square of one-half the difference of the two required' 
numbers. Therefore, let ^=the sum of the two numbers, 
jp=:their product, a;c=the less and y^the greater, n=rthe 
number of terms, m=the mean proportional, g=the diffe- 
rence between the product and the square of the mean pro* 
portional, and 2<f= the difference of the two numbers. Then 
s4-n=»i, and m^— |>=cj, and 'y/q=id ; therefore m^d=:Xj 
a||f m+^=?y* 

EXAMPLES. 

1. Given the sum of two numbers =520=^, and their pro-* 
duct=96==/> ; to find those two numbers. 

First s-r-n or 20-^2=m or=10 ; then m^ or 102=10Q, 
andm2— |>or 100— 96=4=:rf2 ; t^^n ^4=2=^; there- 
fore 10— 2=8=a:, and 10-^2=12=^^ and the two requi* 
red numbers are 8 and 12. 

8-1- 12«20, and 8 X 12=96. } Proof. 

2. Given the sum of two numbers, «s=:26, and their pro* 
duct j9=153 ; to find those numbers. 
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spirit »4^fti±=13»:f7i; then m^=l69y and l69*^15dal6 
:^i3r; then '^q^4^sd; therefore Id^— 4=9=^^9 and 134* 
4s: 17=y> and the two required numbers are 9 and 17* 

9+ 17^26, and 9 X 17»i63. }^ Pffoei: 

3. Given the sum of two numbers, •=91> and their pn^ 
4att p^2050; to find those numbers. 

First «-f-n=±45j==m ; then »»2=2070i ; then 20TO|^ 
i!050=±20i=d^ ; dienV'20i=4i=rf; therefore to— rf=4t 
^Xf and m+c^=50ssy ; and the tWo required numbers af0 

41 and 50. 

41+50^91^ and 41 X 50==20«). } Proof. 

4* Giren the sum of two nunabers, ssaJS^ and their pro 
4uctj> 7=1332 ; to find those numbers* 

Fir»t t4-n=s36jf»m; then m^rs 13824, *^ 13d2|^^ 

|i82=i:=;rf^,and^-=-=rf; therefore 86J— ^=36=0:^ 

^d 36J+^3=37=y t and the ttro required numbers are 
2 

36and37v 

Or probkma ofthia kindmay be 9ohed thus: 

d. Given the sum of tw numbers=20, and their prodncl 
ss64 ; to find those numbers. 

First 20-7-2 or «4-it3sl0sfli; then iO^cf X 10+i;»64. 
iythe question; then 10— i^xlO+i^sslOO— lOc^+lOcf*^ 
d^ ; then by cancelling lOd^ which is common to both sides 
of the equation^we have 100— i2^s=:64 ; then 100— 643s36 
sipcf^,and y/Sd^Gzsd; therefore 10— 6=s4s=4;, and lO^f* 
#a?l6=:y,and the two required nuinbers are 4 and 16. 

16+4=20, and l6x 4=64. } Proof. 

6. It is required to divide the number 60 into two tdth 
parts that their product shall be=756. ^ 

' First 60-r2 or »-r-n=30=« ; then 30— rfx 30+rf=*756, 
^ythe question; and SO— £^x36+<f=900— 30c?-f30cf— 
4^ ; then 30d being common to both sides of the equatioa^ 
we have 900— cP =756; then 900— 756=144=^2^ and 
Vl44=12=^; therefore 30— 12=18=ff^ and 30+12flK 

42 =y ; and the two required numbers are 18 and 42. 

18+42=60, and 18X42=756. }► Proof. 

No TB.— Problems of the foregoing description may be 
solved withotu any data except the product ; for any num* 
ter,. the square of which is greater than the product^ and 
(qivQi « difference between that square and the given pre^ 
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duct equal to aTquare number^ is a mean proportional f hlit 
IP this case they are not limited, and will frequently adait 
cf different answers. Thus : 

Given the product of two number8=»240 ; to find thoMT' 
numbers* 

First we find l6^x=:256-s^240^l6; which is a squam 
luimber; then 256— 2403sl6=d3; then ^l6^4:szd', ther<e- 
/ore 16— 4»12=:a;,and l6+4=:20=±y ; and 12 and 20 m 
two numbers whose product is 240. 

Again: 19^=361— 240=121, anrfyiSl =11 acrf; tfea- 
putl9ssm, andlQ— lls8=a;, and 19-fll=30=5r; and 
8 and 30 are two other numbers whose product is 240. 
' Again: 23*=529— 240=28^, and /289=l7=rf; that 
put 23=m, and 23—17=6=0;, and ^34-17=40=y ; and 
iand 40 are two other liumbeht whose produet is 240. 

Again 3 41^^ =1722^—240= 1482 J,andV1482i=38 J 
=ff; thenput41|=iir, and41i— 68^±x3^c=ra:, and 41}+ 
38 j^=80=y ; and 3 and 80 afe two other numbers whose 
product is 240. Thus afso we s&all find 61^ gives 2 X 120 
=?40y by pursiung the same process* 

CASE m. 

♦■ 

The difference of two numbers and their product giv^; 
.,4Q find those numbers^ 

KULB. 

■« 

Put A;:£rthe fess and 2d= their differencfe; then will scxse^ 
^2d:^x^^2dx ; then proceed as in case second. 

I. Given th^ difference of two namber9sE:6, and their pr^i 
duct=135 ; to find diose numbers. 

' Firlrt ^=tfa!^ tess, and ar+6=the greater ; then x^^x-^^ 
issa;'+6a:=135,by the question; theft 6-r2=3, and 3^= 
% aAd 135+d^l44=»»^; then -/ 144=1 2 =in; then 12f 
^3:!s:9— ^9 and 12+3=15=y ; and the two required niutf*.. 
Iters arts 9 and 15. 

Or these protkms may be aobfed thus : 

The number whose square is more than 135, and wiU 
leave a difference equal te a square number, is 12^=144^ 
then 144—135=9, and V9— 3 ; then put 12=m, and Sssf^ 
di md we bave 12,«**.a=9} and 12 -^3 =15^ as before*^ 
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S. Qtven the difference of two humbers=:9}9 aod their 
1H[oducts329 1 to find those numbers. ^ 

First X X a;+9 J=a?2 +9ja:5a:329, by the question ^ then 
JJ-T-2=34f, and 4|2=22^jthen329+22jV=351-iV; then. 
V«5I^=:18|=:»i; then 18|— 4|=l4=a;,an'd 14+9i= 
$3^st:y, or 18f +4|=:23^=:^ ; and the tyro required nunfr 
pe^ ane 14 and 23^. 

EXAMTLE8. 

1. Given the sum of two numbers=21yandthdr prodi^ 
^106i ; to find those two numbers. 

Answer B^ and 12J-. . 

^. Given the sum of two numbersr=40, and the product 

Af one-fourth of icach of theii(i=24-; to find*those numbers. 

1^ 1 
First --=—; then 24Xl6=s384, «nd 384-rl or the 
• 4 1» 

square of the numerator =¥:^843=fjhe (H'oducl of two numbers 

whose sum is 40 ; we then tiave 9s=40, and p=3Mf to find 

a^ and y, ^ before. Aiiswer 16 and 24. 

i of I6^4y and 4 of 243=69 and 4X 6s24. } Proof. 

3. Given the sum of two numbers =24^ and the product 

of one-third of each of them=:15 ; to find those numbers. 

1^ 1 
First -r-==r ; then l.SX 9?= 135=?= the product of two nun^ 

bers whose sum is 24; we then hatve given the sum of tw^ 
2iumbersss249 and their product =t^l35. Answer 9 and 15. 
J of 9=3, J of 15=5, and .3X5=15. }^ Proof. 

4. Given the sum of two nunibers=3=48, and the product 
of three-fpurths of each of them;7^43; to find those num- 
^rs. 32 g 

First— =^; then 243X16=3888, find 3888-r9=432 

ssthe product of two numbers whose sum k 48'$ me then 
bave given the sum of two numbeEs=.48, and their product 
:s?432, to find x and y. Answer 12 and 2^ 

5. Given the sum of Jtwo mimbers.BBB5, and the prodnet 
.of four-'sevenths of eadi of them=96 ; Xo find those nux^r 
>ers, 42 16 

First i7«-r ; then 96 X 49=«4704,and 4704-r 16=294*!: 

7 49 

'Ae product oi two numbers whose sum is 35 ; we then hav^ 
l^ven 9=35, and |i=294y to find x and y. 

Answer 14 and 2)f 
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product of three-fifths of x apd four-seveiKhs of jf.aK|$2 } |p 

and those two numbers. 

3 4 12 
Fifst ^ X r=— ; then ^92 X 35-=er20, and 6r20-i. 12« 
5 7 35 ^ 

560=sa:;s^ ; we thea have given «sk48, and ^==560, to fin4 

J37 and y. Answer ^0 and 28. 

7» It is required to divide the number 60 into two such 
parts that the product of two-thirds of each of them shall 

l)e=384. 

Fir«t -X-=^; thei|384X9=3456,and3456-4-4^864j 

v O \f 

vrt then have «3s60, and p^S64^ \o find x and y. - 

Answer 24 and 36. 

8. It is required to divide the number 80 into two sueh 
jparts that their produi:t shall be«s 1536. 

Answer ^2 and 48. 

CASE IV. 

The sum of three numbers in arithmetical progresstoii 
and their eontimied product given ; to find those numbers. 

flVLB. 

Find a mean proportional, or the n^iddle term, by divi* 
ding the given sum by the number of terms ; then the cube 
of that mean proportional, le^s the product, will be equal t» 
the square of the difference, multiplied by the mean pro* 
portiona}. Or thus : 

. Let X equal the least, m the middle, and y the greatest of 
|fae three numbers; 8 equal their sum, |» their product, q the 
ilifierence between their product and m'; it equal the nun|^ 
ker of terms, and d the common difference ; then will «4-ii 
ssm, and m'— p=m£?' or q ; then q-r^m^d^^ then m'-^d^fi 
9f and m-^c^ssy, 

YXAMVLBB. 

1. Given the sum of three fiumbers in arithmetical prch 
grassion equal 12, and their continued piqduct equal 4$ ; to 
ttad thoflfe numbers. 

First 12—3 or 9-r»=4=sm; then i»'=64, and m^-r^p 
^l&=mq^md^; thea g-s-i»«54=iP, and «/4=:2=f<^; tberfr 
fprc 4^2=2=»a;, 4=«|, and 4+2==6==Ki and the tl^raQ 
^(quured numbers are 2, 4 and 6/. 

2+4+6=12, and 2X4X6=48. J^ Proof. ^' 

kif tha^ t Having foui^il m^4f Vfe the% tao^ {fk^d)?^>^ 



ftVADRATIC EQUATfCWta f| 

«(4+rf); i-e.=r64-l6<f+'6rf-^4df2=48; then by cmi». ' 
celling l6dy we have 64-^4^2=48; then 64-^48= 16=«: 
4^2^ jjnd l6^4=4=p:d[2, aBdy4^2=s6f ^ and the answer 
isy as before, 2, 4 ^nc) 6. 

' 2. Given the sum of three numbers in arithmetical pro* 
gression, ^='48, anci their coptinue^ product /?= 331 ^ ; t^ 
find those numbers. 

First #-r-«=l6=m, and »i'=i4096; then 4096— ;i=s 
r84«=mrf?; then784-T-»i=»49==«?^,and V49=7?=rf; there*. 
(ore i6— 7=9=a;, l6?=my and l6+7«=23 ; and the thre^ 
required numbers are 9^ 16 and 23. . 

9+l6+23==48, and 9K I6x23=3312- }► Proof, 

Or thus: Having found m==l6, then (16— (^)xl^X 
(l6+c?)=:w* or = 4096-rl6rf2«.3312 ; therefore 4<)96-^ 
8312=784==l6^rf; then 7844-l6=49=rf^; and the three 
lequired numbers are, as before, 9, 16 and 23. 

S. Given the sum of three numbers in arithmetical pro- 
gression equal 39, and the product of tli^ two first, or xm^ 
equal 1 17 ; to find those three numbers. 

First «-rJ»=13=ia; then Il7-i7l3=9==«; and having 
found m to be=13, the common difference or <^4, therefore 
tiie three required numbers of course are 9^ 13 ^d 17* 

Or thus : Having found in?=13, we then have by the quQ$^ 
tton IS^cfx 13, or m— rfx«=117; then m^^ie9^si:md+ 
117; then l69?-117=52?5mrf; then 524-»t=4«^; aiif 
Ihe three required numbers are, as be'fore, 9^ 13 and If • 

4* Given the sum of three numbers in arithmetical prai> 
gression equal 54, apd the product of the two last, or my^ 
equal 432 ; to find those three numbers. 

Fu^t 54-^3=1 8==:i»; then 432 FMn=24=«y ; and haviiy 
found ffi or the middle nuraber=18, gives the common difi». 
fence, or y-^mm^ ; and the three required numbers are 12. 
18 and 24. 

Or thus : Having found m=lSf we have by the questioo 
lliX»*+rf=432; 1. e. 182=324+18*=5432; then 43^-^ 
S24=108=18rf; then 108-3-1 8 s=6=:«/; and the three re- 
quired numbers, as befi^re, are 12, 18 and 24. 

5. Given th^ sum of three numbers in arithmetical pro* 
.gression «qual 45, and the pinoduct pf the t^o extremes eqim^ 
$00 ; to find those three numbers. ! 

First 45 or «-T-n=15=m ; then i»2--2255wp=rf* ; them 
.J25— 200=25=rf2 . then v^25==5==«f ; thus having found 
ft and the common difference^ the three re(}i4recii numbers 
|ir^ 10,15 WJ 20. 
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Or dms : Having found mssld^ w€ have by the questi 
15— e^Xl5+^3e200; i.e. 15^=k225—<2^ 3=200; then 22i 
^200cs25v:(P; and ^2i^^tsd^ as before ; and the three 
required numbers are 10, 15 and 20. 

€. Given the sum of three numbers in arithmetical pro^ 
gression equal 54, and the continued product of on&-thinl<^ 
leach equal 192 ; to find those three numbers. 

^'*^ oX o><^«-^5 A«n 192X27=«5184 ; we thenhav^ 
3 3 3 27 

given the sum, or «=b54, and the continued product of the 
three numbers ssjpss: 5 184; and by proceeding as before, we 
find the three required numbers to be 12^ 18 and 24. 

7. Given the sum of three numbers in arithmetical pro^ 

gression eqj^al 60, and the continued product of one-third cf 

2ie first, 4hree-(oarths of the second, and four-fiftjis of thN| 

diird equal 1500 ; to find those three members. 

1 3 4 12 1 
FirBt;^X-X~=^=T; thenl500x5s=7500r=the con* 
3 4 5 OO 5 

linued product of three numbers who^e sum is 60 ; we then 

J^ve given the sum of three numbers in arithmetical pro- 

gression=60, and theif: continued product =7500, to finil 

^pse numbers. Answer 15,20 and 25. 

. 8. Given the sum of three numbers in arithmetical pro* 

gression equal 84, and the continued {nroduct of three-fifths 

of the first, four-sevenths of the second,* and five-ninths of 

^e third equal 3840 ; t® find those three numbers. 

^. 3 4 5 60 12 4 , 

, Ftfst-X-X-= =^or=: — ; then 3840 X 21 » 

5 7 9 315 63 21'"'^*''°*^-^^*^ 

80640, and 80640-^ 4=201 60s=the continued product of' 

three punchers if hose sum is 84. Ai^swer 20, 28 .an4 36t 

CASE V. 

The sum of four numbers in arithmetical progression and 
their continued product being given ; to find those numbecs* 

RULB. 

Find a mean prop<Ntional, as before, by dividing the sum 
by the number of terms ; then the product of the two meanSy 
less twice the square of the common difierence, is equal to 
the product of the two extremes ; and as the product of the 
two extremes, multiplied by the product of the two means, 

ia^equal to the coiitsmed jf<dm of the four lunnbera^ v^ 
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hAve tlie prodoet of two nuiDbers w|M»f difierence it eqiul 
$o twice the square &( dio-comBoiidifoeiice of the four ro* 
quired numbers, equal to the centiBued product of the four 
Bombers; thea by case second find a number, the squu« of 
wluch is greater than the given product^ and leaves a. dift* 
lence between diat square and thfi given product equal to a 
jBquare number ; then the square root of that number witt 
be equal to half their difference. We then have the product 
of the means and the two extremes ; and as the mean pro* 
portional to the two means will also be a mean proportional 
to the two extremes, and likewise to the four required, num* 
bers, they may be easily found by case second. 

Or thus: Letthefburnumbers be equal tcsr^; ]e(«equ%(| 
fbeir sum, p their product, pe the product of the. two ex- 
^emes, and pm the product of die two means ; n equal the 
dumber of terms, m the mean proportional, q the difference 
between m' and pe and pm^ and 2d the common difierence 
of the four numbers; then wiH s-^ns^m, and m^'^pe or 

1/ Given the sum of four numbeis in arithmetical pror 
,fftes8ion equal 20, and their continued product equal S84| 
to find those numbers. 

First a few tnab will show 20' to be greater than SS^ 
and leave a difference equal to a square number ; then 20r 
-s400s=j»+<P; then 400— 384«:l6ss<J3,and yi6s=4a 
d; then 20— <f=:l6sBpe, and 20+4aB243sfM»; we then 
have the product of the two me^ns and the two extremes^ 
and g^n=i5=imf or a mean proportional to each ; then 5^ 
25=25, and 25— jpm=l=rf', andv^I=:l==if; then 5— las 
4=0;, and 5+1— 6=y; and thus having found the two 
means, we have the four required numbers. But the two ex- 
tremes may also be found thus : 5'=s25sE:m'; then 25— 1& 
=:9=:rfa, and V9=3 ; then 5—3=2, and 5+3=8=the 
two extremes, or^w and z ; we then lutve the four requirefl 
fiumbers3s2, 4, 6 and 8. 

2. Given the sum of four numbers in arithmetical proii». 
gression equal 26, and their continued product equal 880 : 
to find those numbers. 

First a few trials will show that 31' is greater than SSO, 
and leaves o=to a square number ; then 3l'3=d6l— 880 
s=81=3r; then ^/y=9, and 31— 9=22=;>e, and 31+9«s 
40=pm ; then «-r» or 264-4=6J=s:jii, and «'5=:42j, and 
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wtnffy md <^+4}ss:ll=:z n w^ ^€11 have the tvd €*»%jmK 
«^2 and ll^aiid a raeftn|rroti0itlotialss:§|; which detei^ 
H^eft the four ouiiibers to be 3> 5^ 8 atid 11. 

Or tile two means may be found thus: m^ss42|-'|iii% 
til' 40«s2f«sd^> and v<2|sal}£=«l; then S^-^l^as^ssgL 
ind 6^4- 1^=8=3^^ : and thus ako we find the four requhret 
iiulihbers to be 2> 5, 8 and 11. 

4 

S. Given the sum of four numbers in arithmeticar pro* 
eression equal 36, and their continued product equal 3495 1 
to find those numbers. 

First by a few trials we shdll find .61 ^ =372 1 ^p=256=^ 
f 9 which is a square number ; then V?^ 16=:(2, and 6l — iS 
te:45=jpey and 6l4-l6as77=jpm; we then have the pro** 
duct of the two meanscsTTy and the product of the two ex« 
tremes=;45 ; then «^n=:=9=»^ and 9^^81==p»i+d^; thea 
Si— p»=4=rf^,and ^4=2=11; then 9— 2 ;=7=a;, and ^ 
4-2=1 lx=y. Thus having found the two means and tho 
Common difference, the four required numbers are 3, 7} ti 
and 15. Or 81— ^16=36, and V36«&=^; then 9— 6MI 
:ssWf and 9+6=15i»2y as before. 

4. Given the product of the two means of four numbeif 
in arithm^etieal progression equal 35, and the continued proi* 
duct of the said four numbers equal 945 ; to find those'num- 
Ikrs. 

First 945-^85eK27'*«the product of the two extremes ; w^ 
^en have the product of the two extreines3c:279 and of the 
(WP means=35 ; and by pursuing the former process, wd 
#nd the four required numbers to be 3, 5, 7 and 9* 

5. Given the difference of the two extremes of four num- 
bers in arithmetical progression equal 9, and the product oif 
the said two numbers equal 70 ; to find the four numbers. 

Let t0=the less ; then will «^+9=the greater ; then will 
wXw+9 or w^+9w=^70y by the question ; then by case 
first we shall find t0s=5, and tr+9=14; and thus having 
found the two extremes and the differences=9, then 9-7- 3 ss 
3=the common difference of the four required numbers ; 
•nd we find the four numbers to be 5, 8, 11 and 14« 

CASE VI. 

The sum of two numbers and the sum of their squaresr 
given ; to find those numbers. 

RULE. 

One^alf the sum will 1;e a mdon proportional^ and on«^ 
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half die sum of the sqaares is equal to the square of the 
mean proportional^ more the square of one-haif the diffe- 
lence of the two required numbers f or the sum of the two 
squares, less twice the square of. the mean proportional, is 
equal to twice the square of one-half the difierence ot the 
two numbers. Or tlws : Let« equal the sum, «^ the sum of 
the squares, m. the number of terms, m the mean propor- 
tional, X the less, y the greater, and 2d the difference of 
the two numbers ; then wul £-r'n=m9 s^'i-nss.m^+d''^^ or 

EXAMPLES. 

' 1. Given the sum of two numbers equal l5, and the sum 
of then* squares equal l60 ; to hnd those numbers. 

First «-i-n=»i=8, and s^-^-w— yo=w^+^^ 5 then m? 
=a64,and 80— 64=16=^2, and Vl6=4:=c?; therefore 8— 
4=:4s=:a;, and 8+4=12=^ ; and the two required numbers 
are 4 and 12. 

Orthus^ Having found m^S, then (8— rf)2+(8+rf)* 
=atl60; i.e. 2w»2+2i?2=-i60; then 2m2 = 128, and l60— 
I26 = 32==2c?2^ and 32-r2=l6=:rf2, and v^ l6=4=rf; 

therefore 8— 4=:4=:a;, and 8 +4=: 12=^; and the two re* 
quired numbers are, as be/ore, 4 and 12. 

2. Given the sum of two numbers equal 19^ and the sum 
of their squares equal 185 ; to find those numbers. 

*First 19-7- 2 =9 J=«, and 185-r2=:92}=i»2^rf2. i^en 
f»»a=90J,and 924— 904=2^=^2^ andV2i=li=rf; then 
9|_i4=:8,and 9^+ 1^=11 ; and the two required num^ 
bersare 8 and 11. 

Orthus: {9i-^d)^+{9i+d)^^n5; ue.2m^+2d^:sm 
1S5 ; then 2m^=i804, and 185— 1804s:4}=:2i;2, and 4^ 
-r2=24=€f^, and ^24= i^ > su^d the two required numbers 
ftre, as before, 8 and 11. 

8+11=19, and 82+ll2=a=l65. }-Pro<rf, 

3. Given the sum of two numbers equal 10}, and the sum 
of their squares equal 63^ ; to find those numbers. 

First «4-n=54=»i, and«3-rn=31^; then m's=27Vi-> 
and 31^— 27TV=4=d2,and^4=:2=rf; therefore Sj— 2 
s34=a;, and 5i+2=74«»y ; and the two required num* 
l»ers are 3 J and 7i« 

Orthus: (^i—d)^+(5i+d)^^63ij by the question 5 
i. e.2m2+2rf2=63j; then 2j»2=:55J, and 63j— 55j==:8 
=26?2; then 8-r2x=4=c?2^ andV4=2=srf; and the iw0 
required numbers are, as before. 3^ and 7h 
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The difference of two numbers and the sum ef their 
squares given ; to find those numbers. 
Observe the same symbols as before. 

4. GiV^ the difference of two numbers equal 4, atfd the 
sum of their squares equal 1S6; to find those numbers. 

First «2^2=!=272> and 4a=itl6; then 272— l6«=s256a 
(ay+y)'; th^n'v/256nrl6±:a;+J, or equal the sum of the 
two numbers ; we then have given the sum of two numbers 
equal l6, and the sum of their squares equal 136 ; then by- 
proceeding as before, we find x=:6, and ^^10; by which 
we fiqd this thecwrem : 2«^ — <^ , or the square of the given 
difference = □«, or equal the square of the sum of the two 
required numbers. 

Or thus : Let ar=the lesS, th€!n Will a;+4=i:the greater i 
then by the question, a;*+raj+4)*=136 ; then let 2rf=the 
given difference, and 2{x+d)^+2d^=lS6; then 1364-2 
=s6S=s{x-^d)^+d^ ; then as d is equal one-half of 4, or 
rf=:2, and 2^=4, then 68— 4=64= (jy+rf;^^ 30^^64=8 
=a;+2, or 8— 2=a;; then 6=±x, and 6+4=10=ry ; and 
the two required nuMb^rs, as before, ^e 6 and 10. 

10— 6=4,and62 + l0»=13e. }^ Proof. 

5. Given the difference of two dumbers equal 6, and the 
sum of their squares equal 216 ; to find those numbers. 

First «2 or 218 X 2=436, and 4S6— 6»=400=(a;+y)?; 
then •^400=20sta;+y, or equal the sum of the two num* 
hers ; we then have given 6=2Q,and«^=218, to find the 
two numbers ; then by proceeding as before, we find xszjy 
auidy=13. 

Or thus : Let x=the less, then will x+6=the greater^ 
and 2<^=the diffeience; then will 2(a;+d';^+2^3=218 ; 
then 2184-2=109 ; and as <i is giveh=3, and 3^=9, then 
109— 9s=100=(a;+rf;^ ; then V100=l0=x+rf; then 10 
'— 3=7=^5", and 7+6=13=a;+6; and the two required 
numbers, a» before, are 7 and 13. 

6. Given the sum of two numbers equal 22, and the diffe- 
rence of their squares equal 132 ; to find those numbers. 

First 1324-22=6, the difference of the two required num- 
bers $ we then have the sum of two numbers equal 22, and 
their difference equal 6, to find those two numbers ; then 22 
4-2or«4-n=ll=i»,and 64-2=3=rf; thenm— rf=8=a?, 
and m-|-d'=14=y ; and the two required numbers are 8 
and 14. 8+14=22, and 142—8^=132. }► Proof. 

Or may be stated thus : 

Given a;+y=22, and if^ ---x^ sail32^ and lS24-?2s=y 
— x=6. 
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J. Given the sum of two numbers equal 17^ and the dif* 
ference of their squares equal 136 ; to find those numbers. 

First 136-r 17= 8, the difference of the two required num- 
ber ; we then have «=l7j and y— a;=:8 ; then 9-i-w=8J, 
and 8-f-2=4=c?; therefore 8|^— 4=4j=a;, and 8j+4= 
12^=y ; «nd the two required numbers are 4^ and 12^. 

8. Given the difference of two numbers equal 3, and the 
difference of their squares equal 63 ; to find those numbers. 

First 63-r-3=21, the sum of the two required numbers; 
we then have the sum of two numbers equal 21^ and their 
dLSerence equal 3 ; then 21-T-2=10^==m/and S^r^^l^^ 
d, then 10^rrre??=9==^9 and X0^4'^^12;;=^; and the (wo 
required numbers are 9 and 12. 

9- (^iven the difierence of two numbers equal 6, and the 
difference of their squares equal 84 ; to find those numbers. 

First 84-7-6=14, the sum of the two required numbers ; 
we then have the sum of two numbers equal 14, and their 
difference equal 6; dien J4-r-2=7=»i, and 6-T-2=3=rf; 
therefore 7— •<^=4=a7, and 7+^=lp5=ry ; and the V^o xp- 
quired numbers are 4 and 10 ^ 

10— 4=s6yand 102—42=84. }^ Proof. 

10, Given the sum of two numbers, more the difference 
of their square^ equal 40 ; to find thosp two numbers. 

' First find a number the square of wh^ch is greater than 
40, and leaves a difference equal to a square number ; this 
by a few trials will be found to be 6^ ; then 6J2=42J, and 
42J— 40=2J, and V2i=l J ; then 6i+lJ=8, the sum of 
the't^vo numbers ; then 40— 6=32, tne .di^erence of their 
squares ; we then have given the sum of two numbers equal 
S, and the difference of their squares equal 32 ; then 32-f- 8 
es4, the difference of the two numbers ^ then 84- 2=4 =in, 
and 4-r2sr2=rf ; therefore 4— 2=2=a;, and 4+2=6= 
y ; and the two required numbers are 2 and 6. 

6+2=8, and 62^2^=32, and 32+8=40. }► Proof. 

11. Given the sum of two numbers, more the difference 
ef their squares equal 98 ; to find those numbers. 

A few trials wilfshow that 10^2 --uq^^ ^jh j^ave a dif- 
ference between 98 equal a square number ; then 110|— 98 
=12^, and V12|;=3^ ; then 10^+3^=14=^, or the sum 
of the two required numbers ; then 98—14=84, the diffe* 
fence qf their squares ; we then havje the sum of two num- 
bers equs^ 14, and the difference of their s(^uares equal 84; 
tfien 84-^14=6, the difference of the two required nuo^ 
ftSfs; thiwi J44-2s=7=m,and6+2s=3=<^; then Wf-<^53 
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A^BzXf and m+d:ss:lO=:zy ; and the two required numbers 
are 4 and 10. 

12. Griven the sum of two numbers, more the sum of 
Ifaeir squares equal 68 ; to find those numbers. 

First 6S^2sz34=im^+m+d^ ; then the number, the 
square of which is less than 34, and leaves a difference equal 
to a square number, is 5^=25 ; then put 5s:fii, and 34—5 
ss29^m^+d; then 29— 25ss;4=cf^,and V4ss2s3<2; then 
5 — 2ss3=x,and 5-|-2=7=y $ and the two required num- 
.bers are 3 and 7. 

7+3=10,and 7^+3-^ =58,and 58+10=68. }► Proof. 

13. Given the sum of two numbers, more the sum of 
their squares equal 278 ; to find those two numbers. 

First 2784-2=139=m3+m+if3; then it may be easily 
ibund that 9', after deducting 9 from 139, will leave a square 
number ; then put 9=m, and lS9^9^130zsm^+d^; theti 
9^=81, and 130r-81=r49=:il>; then^49=7?=rf; there- 
fore 9— 7=2=:x, and 9+7=l6=y ; and the two requured 
numbers are 2 and 16. 

2+16=18, and 22-=4, and l6*=256, > « ^ 
and 256+4«260+18«278. $ 

14. Given the sum of two numbers equal 20, and the sum 
of the squares of one-half of each of them equal 52 ; to 
find those numbers. 

First - X -=- ; then 52 X 4«208=s«*, or the sum of the 
2 2 4 ' 

squares of the two numbers ; we then have a?+y=20=«, 

and a;^+y^=*208 ; then by proceeding as before, we find x 

asS and y^l2 ; and the two required numbers are 8 and 12. 

15. Given the su i« of two numbers equal 40, and the sum 

of the squares of one-fifth of each of them equal 34 ; to find 

those two numbers. 

« 1 1 1 

Fkst -X-=— , and 34X25=s850aBia;2+y2 or==«2. ^ 



then have given «"bs40, and «'<« $50 ; and by proceedii^ as 
before, we find x^l5^ and jf =» 25. 



CASE vn. 



The sum of three numbers in arithmetical progression 
and the sum of their squares being given ; to find those 
numbers. 
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The sum of the three numbers, divided by 3, will quote a 
mean proportional, or the middle number ; then the square 
of the middle number, deducted from one-thii*d of the sum of 
the squares, leaves ttifo-thirdd of the square of thf3 common 
difference. Or thus : l^et x equal the least of the three, num- 
bers, m the middle number, and p the greatest ; s equal th^ 
sum, $^ Che sum o( the squares, » the number of terms, q the 
difference between m^ and one-third g^y and d the commoti 
difference ; then will «-r^ii=»i, and s^-r-n^^m^^qf and 3q 
-r 2=5sc|2^ or «2 — 3i»2«2rf^ ; then w^<i=?ai?, and j»+<i=y« 

EXAMPLES. 

1. Given the sum of three numbers in arithmeti<^al pnv- 
gtession equal 12, and the sum of their squares equal 56 i 
to find those numbers. 

First »-i-?E=4=»i, and «'-r»=18f ^m^+frf^. t^^n ^^2 
5=l6, and ISg^— l6=2f=9', and 3gr-r2=4=rf2, and ^4=; 
2ssid; then 4— //3s2, and 4+<^==6 ; and the three requhret} 
numbers are 2, 4 and 6. 

Or thus : Having found ifi, wehave (4— «?)^ +4^ -f (+<(j^ 
ate56; i.e*3Ma-^2«?2-=56; then3j»2gc48,and 56— 48=:5 
$=s2d^'j then 8rr2»43Efi?, andV4=2r^c2; and we find 
the three numbers, as before, are 2, 4 and 6. 

2. Given the sum of three numbers in arithmetical pro* 
gression. equal 48, and the sum of their squares equal 886 ; 
to find those three numbers. 

First 48-i-3=:l6±*m, and 866-$-3=288§=xw2^|^2^ 
then »i2=:256, and 288§— 256=32f=(y, and Ssr-^2=s49 
sxid^ y and -y/ 49=7 ^d; therefore l6—7==9=x, and 1.6+ 
7=7:23 3:;^; and die three required numbers are 9^ l6and 25^ 

Or thus : Having found msaBl6, we have by the question 
(l6-cf)2 + i62 + (i6+«l)2=886; i. e. 3»i2+2rf2==;886; 
then 3wa=768, and 866—768 =98 =2rf2 ; then 98-?-2=3 
49=d^y daidy/49=7=d; Bfkd we find the three require^ 
numbers, as before, are 9^ 16 and 23. 

3. Given the sum of three numbers in arithmetical pto* 
gression equal 19^, and the sum of their squares equal 134| ; 
to find those three numbers. 

First 19j-r3=6J==m,and 134|-r3=44H=si»i2+fcfa ; 
then m2=42J, and 44|J— 42j=2g=9, and 3g'-i-2=4=as 
d^y andV4=2=:rf; therefore 6i~'«?=4j=:a:, and 6J+rf 
ss d^^y ; and the three required numbers are 4^^ 6^ and 8^. 
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4. Given the sum of the squares of the two extremes of 
three numbers in arithmetical progression equal 116 ; to ftn4 
those three numbers. 

First ll6-t-2ss58?pii»^+cP; then the number, the square 
oi which is less than ^8, and will leave a difference q equal 
to a square number, is 7; then put Tssm, and 73=49=m^; 
then 58— 49=5=rf^, and V9=;=3 ; therefore 7=w», 7— 3=5s 
4=Xj and 7+3=10s=j^ ; and the three required numbers 
are 3, 7 and 10. 

5. Given the sum of three numbers in arithmetical pro« 
gression equal 18 ; and the sum of the squares of the two 
least of them equal 45 ; to find those three numbers. 

First 45^2=522^^^; then the number, the square of which 
is less than 22^, and'' will leave a difference q equal to a 
square number, is 4^ ; then 4^^=20^, and 22|<^204=32^ 
s=(^, and ■/2J=1 j=^; therefore 4j— 1^3=0?, and 4^-^? 
l^«=6=sm=»^ of 8 ; therefore the three required nuqnbers ^re 
5, 6 and 9. 

6. Given the sum of three numbers in arithmetical pro* 
gression equal 9, more the sum of their squares equal «'c= 
£8 ; to find those three numbers. 

First 68-i-3=22§==»»2+m+§<f'; then by a few trial$ 
we shall find in«=4 ; then assuming 4«m, 22f — 4^= 18§=: 
»»'+§«?^; then m»=l6,and 18f — l6±c2f s^frfa or j; then 
9gfj-r2=4e=d^, and V4=2»^; therefore 4— 2=2=^ and 
4+2=63=y ; and the three required numbers are 2,4 and 6* 

7* Again :. Let the sum of three numbers in arithmetical 
progression, more the sum of their squares, ^e given, equd 
186 ; to find those three numbers. 

First 186-5-3=62=wi^+j«+§rf^; then the number, the 
square of which is less than 62, and, deducted fi'om 62, will, 
leave two^thirds of a square number, will easily be found to 
be 7 ; then put 7«=ot, and 62— 7F=55=jn*+frfa . tj,en 55 
— m?=6«grfa, and 6+3=9=d^', thenV9=3«*=£?; there- 
fore 7— 3«4=a;, and 7+3?? 10==y ; and the three required 
numbers are 4, 7 and 10. 

CASE Vffl. 

The sum of four numbers in arithmetical progression and 
the sum of their squares being given ; to find those number$. 

RULE. 

Let c0, Xy y and z equal the four numbers, m a n^ean pro- 
portional^ n the number of terms, a the suin, a^ the sum of 
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the squares, q the difference between m^ and t'-r-n^and 2d 
the common difference of the four numbers ; then will a-r-n 
s=fft,and «?-rw=i»'+5€?'; or«-r«— w^^^^jand gf-T-5=d^; 
then m^d^Xy and m+d^y; or «*=4m'+5iP. 

XZAMP1.E8. 

1. Given the sum of four numbers in arithmetical pro^ 
^ression 8^14, and the sum of their squares «^=54 ; to find 
those four numbers. 

Furst v-rfi^S^^m^and t34-fi=13)»M3+5<;>; thenm^ 

«=t2j, and 13j— 124=ll=5rf2 . then li-r5=i=rf», and 

11 1 1 ^ 

^-=~=srf; therefore 3^— -sSssar^ and 8j^+ — 4^y ; thus 

having found the two means to be 3 and 4, and the common 
difference 1, we have the four required numbers 2, 3, 4 and 5. 
Or thus: m2==12j; then 4w2==49,and 54— 49=5=-5J*; 
then 5-i-5=lB=c^^9 and ^l^^l ; and the four required numr 
bers are, as before, 2, 3, 4 and 5. 

2. Given the sum of four numbers in arithmetical pnxr- 
gression equal 38, and the sum of theur squares equal 406 ;' 
to find those four numbers. 

First 38-T«4»9i=m; then 4m3»36l, and 406— 36l<» 
45=51^2^ •• then g-i-5«9=€?^ ; then79=3=2rf; then d 
sfelj, and 9J— li=8=^, and 9j+ 1^= 1 l«y ; and the four 
, required numbers are 5, 8, 11 and 14. 

Or thus : Having found i»=9i, and fii^=90j, then 406 
wr4=l01J,and I0li-90j«=llj,and llj-t-5=2i«=rf2^and 
V2|«l^s^; and the four required numbers are, as before, 
5,8,11 and 14. 

3. Given the sum of four numbers in arithmetical pro- 
gression r»36, and the sum of their squares <^b=404 ; to 
find those numbers. 

First «-T-ii=9, and a^'^n>:^lOl=m^ +5rf* ; then m»=81^ 
•ndlOl— 81=20=5rf^; then 20-t-5=4=J2,andV4=2= 
d; therefore 9— 2=7=a?, and 9+2=-ll=y ; thus having 
found the two means and the common difference, the four re^ 
quired numbers will of course be 3, 7? 11 and 15. 

Or thus : Having found m=9, then «'— 4iii*=80=5 D 2rf; 
then 80-T-5=l6=a2rf; then ^ 16=4= 2c?; and we find 
the four required numbers, as before, to be 3, 7^ 11 and 15. 

4. Given the sum of the squares of the two first of four 
numbers in arithmetical progression equal 65 ; to find those* 
four numbers. 
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First 65 •T-2=»32^ ; then the miniber, the square of whiclt 
is less than 32^^ and will leave a difference q equal to a 
square number, is 5^3=^304 ; then 32^—304=21=1^2; then 
^2j=l^rf; then 5J— lj==4==», and 5i+li=7»«; thus 
having found the two first numbers and the common difie- 
l^nce, we have of course the four required numbers, 4, 7) 
20 and 13. 

Or thus : Putting 5J«m, then 2»i'==60j, and 65— 60J« 
A^^2d^y and A^2=^2^d? ; and the four required num- 
bersy as before, are 4, 7^ 10 and 13« 

5. Given the sum of the squares of the two extremes of 
four numbers in arithmetical progression equal ,593 ; to find 
those four numbers. 

Fkrst 593-7-2 «= 296J == m^+rf^ ; then the number, the 
s^foare of which is less than 296, and leaves a difference q 
equal to a square number, is t5| ; then put 15|s=m, and m^ 
=240J, and 296J— 2401 == ^^^^ d^ ; then V56J«=rt««rf; 
therefore 15i—7i=8=tr, and 15^+71=23=2; thus having 
found the two extremes, aiid their difference equal 15, then 
15-7-3=5, the common difference ; and we have the four re- 
quired numbers, 8, 13, 18 and 23. 

7- Given the sum of four numbers in arithmetical pro- 
gression equal 20, and the dif^rence of the squares of the 
two extremes equal 60 ; to find those four numbers. 

Fii-st «-r-»=5=»i, and 60-r20=3=<:?, or one-half the di^ 
ference of the two extremes ; then w— rf=2=tff, and m+d 
=8=z ; thus having found the two extremes to be 2 and 8, 
and their difference 6, then 6-^-3=2, the common difference 
of the four required numbers ; which we find to be 2, 4, 6 
and 8. 

8. Given the sum of four numbers in arithmetical pro- 
gxession equal 30, and the difference of the squares of the 
two means equal 45 ; to find those four numbers. 

First 45-T-30s=sl|, or one-half the difference of the two 
means ; then 30-r4=7J=«»j or a mean proportional ; we 
then have 7^— i^==6=a?, and 7^+li=9=y ; and the four 
required numbers are thus found to be 3, 6, 9 and 12. 

9. Given the sum of four numbers in arithmetical progres- 
tioo equal 30, and the difference of the squares of the two 
ieast and the squares of the two greatest equal 180 ; to find 
those four numbers. Or thus : 

Given M7-f-a;+y+s=30, and (y^+2^)— (te^+x^); to 
find those four numbers. 
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fitst i$04-30=p6;ss4<^ or t^tce t^e c^nunpn diffnretice $ 
then $0'x'4zszJ^^::iM^ QV a mean proportional to ihe four le- 
quired numbers, and 6-7-4;=:i^=3C^j,4Nr oo^-balf >^he cpp^noa 
j^&se^cef'we then hay« 7ir*-li=F6=x, 5sad74+rli==9 
ts^j and ilie four required Quinb^rs ipre j^, 6, 9 Ai^d 12* 

7* Given Ae 9«» of four aumben in arMMiietkal pf«- 
mtsion e^al ^, and the difference of the squares of the 
IWo jea^ luidthe sqoafes of die two greatest equed 388 ; lo< 
&id those four numbers. Or thus : 

Given »+aj+y4.««S6,aiid {sf^ +«>)«-(w94-«^>=288} 
4o -find those four numbers. 

•' First 388-r 36s8K24(i, or twice the comnion difieretiee $ v 
then s->fiseflc, or a mean proportional to the four reqmred 
Immbers ; ^len 8-f* 4ss<l, or one-half Uie common difference $ 
therefore 9 --*2 b7 ^a;? and 9 +2^ 1 1 «vy ; and ^^us having 
found the two means and the common disereneei the^fow it* 
quhred numb^fs wiU of coarse be S, 7) li and 15* 

CASfilX. 

The s»Qi qT &m aU^ibei^ injMfilhfiEiflM prQgiWii** *M 
the sum of their squares being given ; tp 4f>d thp0e n^* 

Let «.equai tiiek sum, «^ the sum ^ the squwras, to thd 
first, X the second, m the third or midcfle numbo*, y the 
Iburth and z the fifth, 9i the number of terns, q the difierenoe 
between s^-r^n and m^, and <^ the eomm<»i ^fference ; then 
will s-^»»^w, and s'-4-ii=»r9+2d9, or •?^9«^^2«{P; 
then m^dssx^ and i»«|»€£=:y, &c. ; or ^^mz^m^+lOi^^ 

1. Giv^ the ^^m pf pve numb^is jo an^metip^ p^ 
gression «=»30, and tjie siiin of their {iqHAres«^?^29Q ; tp^fiwl 
those five numbers. 

First s-rnp»6=i»,and «*-r-«=44i==i«2+2^2. ^j,g|j ^^2^- 
36, and 44— 36=8=2£f2 . then -84- 2=:4i=^a,^dy 45=2 
=<f; therefore 6-r-2=4==a;, and 6+25==8?=y; thus having 
found the three iniddle nutnbers and the common di^^erence^ 
We have the five required nufub^srs 2,4,6, 8 i^nd 10. 

Or thus: Having found »i=6, then js^*— 5»t^=10rf^| a)!^ 
^5m^=lS0; then 220— 180=40=l6rf2; then 4Q*Mb=? 
4^d^f and ^4=2=c? ;i and we find the fivje jreqqiied ni^XL* 
bers, as before, to be 2, 4, 6, 8 and 10* 

£ 
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2. Given the sum of five numbers in arithmeti<^ ptO^ 
gression s=65y and the sum of their squares «^=sl095 ; ta 
find those five numbers. 

First65-r5=13==m,andl095-f-5=:219=w2+2iP; then 
^'=169, and 219— 169==50=2<^» ; then 50-r-2=25=:?rf^ 
and V25s=5»£^; therefore 13—5=8, and 13+5=18; and 
having thus found the three middle numbers and'their com- 
mon diiSerence, the five required numbers are S, 8, 13^ 18 
and 23. 

3. Given the sum of the squares of the first and third of 
five numbers in arithmetical progression equal 180 ; to find 
those five numbers. 

First 180-r2=90sin3+c72; then the number, the square 
of which is less than 90, and will leave a difierence q equal 
to a square number, is 9, and 9^=^81 ; then 90-*81=;93s 
qssd^f andy/9=S=d; therefore 9— 3=6=», and 9+3 
s=:12==»i ; and having thus found the three first terms and 
the common difierence, we have of course the five required 
numbers, 6, 9, 12, 15 and 18. 

4. Given the sum of the squares of the two extremes of 
five numbers in arithmetical progression equal 466; to find 
those five numbers^ 

First466-r2=233=»i2 (or a mean proportional between 
the two numbers)+c?^; then the number, the square of which 
is less than 233, and will leave a difierence q equal to a 
square number, is 13 ; then put 13=m, and 13^=169 ; then 
S13—l69=64=rf^and V64=s8; therefore 13— 85s!^,and 
13+8=21 ; thus having found the two extremes and their 
difference equal 16, then 164-4=4, the common difierence 4 
and the five required numbers are 5, 9, 13, 1 7 and 21. 

Or thus: Putting 13=i», then {i3-^d)^+{l3+d)^zs 
466, by the question ; i.e. 2ot2+2^=466; then 2m^scz 
338, and 466— 338=128=2^^ . then 128-s-2=rf^, orrf 
=8 ; and the five required numbers are, as before, 5, 9, IS^ 
17 and 21. 

5. Given the sum of five numbers in arithmetical pre- 
sion equal 45, and the difierence of the squares of the two 
extremes equal 21 6 ; to find those four numbers. 

First 45-r5=9=m, or a mean proportional to the two 
extremes, also the mean of the five required numbers ; then 
2l6-r-m=24=8<^; then 244-8=3=^, or the common dii^ 
ference ; and the five required numbers are thus found to be 
3>6, 9y 12 and 15/ 
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6. Given the sum of five numbers in arithmetical pro- 
gression equal 60, and the difference of the squares of the 
two extremes equal 384 ; to find those fivre numbers. 

First 60-T-5 or «-r«=12=w ; then 384-r»i=32=8rf, and 
32-f- 8 =:4=£? ; thus having found m=r 12, and (f =4, the five 
required numbers are thus found to be 4, 8, 12 16 «nd 20. 

7f Given the sum of five numbers in arithmetical pro^ 
gression equal 4^, and the difference of the squares of the 
tiro means, or of the second and fourth, equal 108 ; to find 
those hve numbers. 

First45-f-5=9=»i5 then J 08 -4-9= 12= 4€?; then 12^ 
4=:3=£?; thus having found the mean proportional equal 
9f and the common difference equal 3, we have the five re^ 
auired numbers, 3, 6, 9, 12 and 15. 

8. Given the sum of hve numbers in arithmetical pro^ 
gression equal 85, and the difference of the squares of the 
two means, or of the second and fourth, equ^ 340 ; to find 
those five nqmbers. 

First 85-7-5=l7=»i; then 340 -Mrq=:20=:4€?; then 20 
-^4i=5=d; thus having found a mean proportional equa} 
17 y and the common difference equal 5, the five required 
nuinbers are thus determined to be 7 9 12, 17, 22 and 27. 

< 9* Given the sum of five numbers in arithmetical pro- 
gression equal 45, and the sum of the squares of one-third 
of each of them equal 55 ; to find those five numbers. 

First - X -=- ; then 55 X 9=495, equal fhe sum of the 
o 3 y 

squares of the five required numbeirs ; then by proceeding 

as before, we find the five required number? to b^ 3, 6, % 

12 and 15. 

CASE X. 

The sum of two numbers and the sum of their cubes be« 
ing given ; to find those numbers. 

RULE. 

Find a mean proportional by dividing the g^ven sum by 
the number of terms as before ; then the sum of the cubes, 
divided by the number of terms, will be equal to the cube 
pf the mean proportional, more the square of one*-half the 
difference of the two numbers, multiplied by three times the 
mean proportional. Therefore let x equal the less and y the 
gi?^ater of the two Qumbersi ^ their wm^ 9^ the sum of th^ 
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ciibes, n the number of termsr, m thie mean popordonal, q 
the difference between s^-T-n and m', and 2a the difTerence 
of the two numbers ; then will g^-n^my and tf'-r«==i»^+* 
j^smd jr-^3m==(f'; then m—rf=x, and m+rf—y. 

1. Given the sum eft two ntunbers 6qual 5, and the ^\m Qf 
their cubes equal 35 ; to find those t#o numbers. 

First »-7-yr=2i=W, and 8^'rrn=s:l7i^m^+d' X3m or 
f ; then ifi*=;15f , and 17i-^15f =1|=^, and 3m=7i, and 
g-rTi=»i=»«^^,and v^J=J=rf; then 2f--J=2=:a;,and2j 
«f-j^=;3=!:y ; and the two required numbers are 2 and 3. 

Ot Aus: Ha?^ing foond m=2^,then (2J— rf;*+(2J+rf;* 
a=35; i.e. 2ni'+rf'xem; then 2OT*=i31J, and 35— 31* 
903}$ then 3f -r6iii=5j=irf«, and /J=fcj5=rf; and we find 
tj^ two nombersy as beftire, are 2 and 3. 

2. Given the sum of tw6 numbers equal 6, and the sum 
of their cubes equal 72 ; to find those two numbers. 

First «-T-n=:3=f«, and «*-7-n=3d===m'+g' ; then f«'=27, 
and 36— 27==^=gstrf^ X ^w; then 9-r'3»»=i=iP, and -/l 
5=1 -^; therefore 3-il=2=a?,affd 3+1=4=^ ; and the 
Iwo required nombers are 2 and 4. 

Or thus : Having; found mssaS^ we have Inr die quesf^on 
(3— e^>»+(3+rf;»=;72 5 i. e. 2m»+d2x&»2=72 ; then 
Sm'salSaxg, and Q-r^Om^l^e?^ ; then 3-^1 x=2=:Xy and 
9+l=*4=?y; and we find the two requited numbers, as 
before, are 2 and 4. 

^. Givtti the sum 6f two fiumhera equal % and the initll 
^ thw cubes eqml 243 $ to iifid tlidse two numbers. 

First »-5»n=4j=sMi, and «'-i-»=121 J=ii|3+gr; tKenm^ 
ss9li, and 121J--91 J=30|isy,and 9-r3jitss2|=r:<;3,and 
V2j=3li=»rf; therefore 4J— lj=s3=a:, and ^+1J=6 
stjf ; and the t^o required humbm are 3 and 6. 

Or thus : Having found i»«4|, then m-^d)^+{4i+d)^ 
s:243, by the question ; then m'=182|, and 243— 182|a 
60|=flPx6iii or gf; then g-t-6m=2^=d2, andV2j=lJ 
vssd^ therefore 4}— iJs3sjp, and 4^4'li»6=y; and 
^ two requii*ed numbers^ as before, are 3 and 6. 

4. Given the fom 6f two nombAni equal 60, and the sudi 
^ their edbeil eqoal 5472X) ^ to ind those two numbers. 

Fffst 60-2-2 or «4-ii=s30s5My and •' -Miss27d60aBmi'4r 
ft thte m'tt27000, and 27360— 27000^360:^ ; then ^ 
«^6flt»4»d3,a&d V4=2»if ; therfffore30^2»s28=^,an4 
60+2=^32:=^; and the recjuired numbers are 28 and 32< ^ 



^•^ 
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, Or thus: Having found m=30, then (30— rfJ»+(30+rf;» 
SB 54722, by the question ; i. e. 2»i' +d^ X Sfn, or equal 2»?i' 
+q ; then 2w«^:»5f4000, and 54720-*54000=720=rf2 ^ 
6»i; then €»i=;180, and 720-r 180=4 =r<|2, and-/4=2=s 
if; therefore 30— 2=te28=a?,and 30+2=3^=;^; and the 
two required numbers are, as be^re, 28- and 32. 

5. Given the difference of two numbers equal 3, and the 
difference of their cubes equal 189 ; to find those nuipbers. 

First 189-T-3 times 3==21=m^+id^; then the nuniber, 
the square of which is less than 21, and willr leave a diffe* 
rence equal to one-third of a square number, is 4^^=20^; 
then2l— 20:i=:|=Jrf2. ^\^j^ f x3=2i=^, and V2i« 

lj=e:?; therefore 4j— 1^3»a?, and 4j+lJ=6=y; and 
the two required numbers afe 3 and 6. 

6. Given the diilerence of two numbers equal 6, and the 
difference of tbek cubes equal 1512 ; to find those numbers. 

Put2fi?=r65 then 6d=l 8, and 1512-^18=84=«ot2+^3|^ 
then the number, the square of which is less than 84, and 
l6aves a difference equal to one-third of a square number, is 

9; then9*=81,and 84— 81;±=3=«j£i2. then3X3=9=rfS 
and v^9==3=:6?; therefore 9*-3=6=sa;,and 9+3=12=y| 
and the two required numbers are 6 and 12. 

7* Given the difference of two tHimbers ^qtml 12, and the 
iifFerence of their cubes equal 7488 ; to find those numbers; 

First 12=2rf; then 6rf=36, and 748 8 ^36=208; then 
the number, the square of which is less than 288, and, de- 
ducted from 288, will leave one-third of a square number, 
is 14 ; then 14*«196, and 208-^196=12=4^3 . then 12 
X3=36=aMi2^ aa^j y^36=»65=rf; therefore 14— 6=5=8=;i^ 
and 14+6=;20ss^ ; and the two required numbers are $ 
and 20. 

8. Given the sum of two numbers equal 8, and the diffe« 
yence of thefo* cnbes equal 208 ; to fiifd those numbers. 

Fii^t 8-r2=4=s:»i; then 3^»i^=48, and 2084-48=4+ 
I6=2d'; then 16-7-2=8=^', and V8=s=2=rf; therefore 
4— 2aK2=5X, and 4+2=6=*y J and the two required num- 
hen aire 2 and &. 

9. Given th^ sum of twe numbers equal 12, and the dif- 
JCerence of their cubes equal 702 ; to find these numbers. 

First 12+2 =6=m, and 3m^=iI08; thfen 702-f- 108=5(1 
+54==2rf»; tfaeri 54-i-2==27=fcrf*,and V27=32=rf; there- 
fore 6— 3=a3=a?, and 6+3^*kif'^ ftttd the two required 
numbers are 3 and 9. 
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10. Given the sum of two numbers equaLl49 and thejdifr*^ 
Jerence of their cubes eqaal 1304 ; to find those numbers. 

First 14-r2=r7=»t ; then Sm^=zl47y and 1304-4-147=5 
$+128=2rf»; then 128-^2=64=5^3, and V^=4==<^; 
therefore 7— .4as3=sa;, and 7+4=1 Issy; and the two re^ 
quired ounibers are 3 and 11. 

CASE XI. 

The sum of three numbers in arithmetical progression 
and the sum of their cubes being given ; to find those three 
aombers. 

RULF. 

Find a mean proportional as before^ by dividing the given 
SRim of the numbers by the number of terms ; sdso divide 
tfie sum of the cubes by the number of terms ; then one- 
fSbird the sum of the cubes, less the cube of the mean pro* 
portional, will ecjual the square of the difference multiplied 
by 2m. Or, 

Let X equal the least, m the middle or mean proportional^ 
jr the greatest, a the sum of the three numbers, 8^ the sum 
of their cubes, n the number of terms, m the mean proporr 
fional, and d the common difference. Then will «-rn=m; 
and s^-T-n^m^+d^x^m or q ; therefore «'--«— w'sg, 
and 9-7-2fft=e?^; then m^d=sXy and m+dssy i and the 
itiree required numbers will be x, m and y. 

1. Given the sura of three numbers in arithmetical pro- 
gression equal 9^ and the sum of their cubes equal 99 ; to 
find those three numbers. 

First 9-r3=sor «-T-«=3=m, and «'-Mi or 99-4-3=33= 
m^+d^X2m; then m»=27, and 33— 27=6=rf2x2»i; 
then 2fn=6, and 6^6=1 =<i^, and V 1=1 =^^9 therefore 
X— '1=2=0?, 3s=i»,and 3+l=:?4=y ; and the three requi- 
red numbers are 2, 3 and 4. 

Or thus: Having found i?i=i3, we h^ive (3— rfj'H-3' + 
{3-f-d;;«=99, by the question ; i. e. 99=iSm^+d^xSmi 
Iben 3»t'=81,and99— 81=18=(2^x6m; then 6in=18, 
and 18-rl8=l=e/'and'/l=l=<^; and the three required 
fwokbers are, as before, ?, 3 ^d 4. 

2. Given the sum of three numbers in arithmetical pro* 
gnspion equal |2, ai|d the sum of (beir cubett equal 288 1 to 
^d those three ntnnbeVs^ 
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first «4-»=4:s=«, andtf'-r-nsKpe^m'+rf'xSm; ihm 
iw»=64, and 96— 64=?32=g ; then g-T-2»i5=4=rf*, and-/* 
^2=:rf; therefore 4—2=2 =±a?, 4s=i», and 4+2s=:fcjrj 
and the three requhred numbers are 2, 4 and 6. 

Or thus : HaTuig found »i=4, we have (4—^1^+4'+ 
(4+rf)»=i=288,by the question; Le.288=:s3>fi'4-rf»x6i»; 
then 3m' =192, and 288— 192 =96=srf*X 6m; then6m=t 
24, and 96-T-24==4=(f3,and ^4=2=(f ; therefore we fiad 
the three numbers, as before, to be 2, 4 and 6. 

3. Given the sum of three numbers in arithmetlcai pn>- 
gression equal 37^^ and the sum of their cubes equal ^78|| 
to find those three tiunlbers. 

First 37J-f-3 or »^»=sl2Jsi2m, and 6778J4-3 «r e^-r* 
=2259f ; then m* or 12j»=*=1963i, and 2259f'^1953j=± 
306J ; then 2m=55, and 306^-5-25== 12i=:<l^, and ^^l^ 
=:3|=rf; therefore 12^—3^=9:2=3;, and 12^+3^=16=: 
y ; and the three required numbers are 9^ 12^ and 16. 

Or thus : Having found m^l2^, then 3m' =5^59|, odi 
*»=6778|— 5859^91 8|c=5f, and 6m=75 ; then q^^^m^ 
12|t=^*? and x/12j=3j=rf ; we then have 12J— 3|=*9i=Bai 
and l2^+3^l6^y; and the three required numbers «i«^ 
as before, 9> 12^ and l6. 

4. Given the cubes of the two first of three numbers hk 
arithmetical progression equal 793 ; to find those numbers. 

Fifst 793-T-2==396J ; then the number, the cube of wiucfc 
ifs nearest to 396^? but less, and of the same fraction, is 6} ; 
then taking 6J«s=m or a mean proportional between those two 
numbers, we have 6J' or m'=274f ; then 396J— 274f=s 
121|; then 3m»19^, ^d 121|-rl94=%=i^^ ; tbeaV'^ 
=2j==<?; therefore 6J—2j=4=5jc, and 61+2^9 «=m, or 
the mean of the three required numbers ; and thus haviiag 
found the two first, we have the three required numbers, 4^ 
9 and 14. 

5. Given the sum of the cubes of the two extremes uf 
three numbers in aMthmetical progression equal 36864 ; to 
find those three numbers. 

First 36864-^2 = 18432 ; then the number, the cube of 
which is less than 18432^ will easily be found to be 24 ; tbm 
24^=13844, and 18432— 13844 = 4608=^2 x 3m; dm 
4608 -r3m=64==rf2, and v^64=8=<?; therefore 24— «=l6 
cax, and 24+8=32=s=y ; thus having found the two extrettd 
of the three numbers to be 16 and 32, and the mean propov* 
donal 24y we have the three required numbers equal 16, :2il 
aQd32<^ 
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€. : Civejd ike difference of the two extremes of tbrfiie dauu-^ 
bers in arithmetical progression equal 6^ and the differencg 
of their cubes eqiia} 5Q4 ; to iind thpse three numbers. 

Put 2d equal the difference of the two numbers ; then 504 
.4-^=«*+ijrf^ and 6rf=18, and 504-7- 1$=? 28 «9c^?+ 

td^ ; then 4h« number, the square of which is nearest to 26 
ut less, b 5 ; then 5^=25, and ^8--*?5=3=Jd' ; then 3 
XS=9,|tndj/9=3; thoa 0*^3=2=a:,flnd 5-J-8=S=y ; 
and thus haying found the ^Bean proportional equal 5, anp 
the cpmmon difference ^quai 3, we ILnd the three requite 
numbers to be 2^ 5 and 8. 

7* Given the difference of the two first of three numbers 
in arithmetical jn^ogression equal 3, apd t^ di€erenl:e of their 
cubes equal 279 ; to find those three timpb^rs. 

Let 2d equ^ $be difference fis before ; then ^d=^^ an4 
979-7^9=^31 ; them the number, the square of which is le0 
than 31,, and leaves a differenice equjai onerthird of a square 
number, is 5i ; then 5 j^=30i, ,apd 31 — 3Q4==|=Jrf^; then 
|X3=2i=«rf2, and V2i=li=<^ 5 Aerefwe 5ir-lJ==4=a?, 
land 5^+l^===7=»T«t ; ]t}ius havyig found the two first nuin-^ 
bers and the common dil^^Dce, the three required numbexfli 
are 4, f and 10. 

CASE in. 

The sum of four iijumbers in arithmetical progression and 
the sum of .their cubes beii^g given ; to find those numh^* 

RULE. 

Lei t<^, Xy y and z equal tfie fom required numbers, « tiielr 
sum, 8^ the sum of their cubes, n the number of t^ms, m 
the mean proportional, q the difference betweeen «'-4-n and 
m', and 2d the common difference ; then will «4-n3=fit, or a 
mean proportional to the four numbers, a'-rRsm'^-?? and 
9=15il^Xm; i. e. «^4-n— m.=Sf> and 9-rl5»=s;<{3; then 
m-^dssXy and i^4-c^a=^, ^c. 

BXAlUPlil^B. 

1. Given the sum of four numbers in arittmietieal pro* 
gression equal 14, and the sum of their Cubes equal 224 ; to 
find those four nttmbors. 

First «^it or 14-7-4=:3j«», and *»-rtt=56s£tm»+^ 
X 15m; then i»«=42|,and 56— 42J=13j=gr,and jj'-^ldffi 
*^i=d^9 a»<i Vi=i=^ ; then 8i— ^8==ra?, and 3J+ Jssr 
4txzy I and the four requured numbers are 2, 3, 4 and 5^ 
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0^ thus : 8^ — 4w' -M5m=:s££2 . ^^ug j^ j|,g ^^0^^ exam-^ 
pie the cube of »i is found equal 42 J, and 4j»'=171J; then 
S24— 17li=52J,and 15mc=r52j; then 52j-j.52J=l=rf2^ 
and •/l = l=xz(/; and the four required numbers are, as be« 
fore, 2, 3, 4 and 5. 

2. Given the sum of four numbers in arithmetical pro^ 
gression equal 20, and the sum of their cubes equal 800 ; to 
find those four numbers. 

first «-rrt~5=:m, and s*-r«=200=tm^4-15mif2. then 
m^=^i25y and 200— 125 =75, and I5»i=75; then 75-7-75 
2=1=^2^ and -v/l^lsse?; therefore 5—1 ss=42=a;, and 5+ 
l=6=y; and the four required numbers are 2, 4, 6 and 8. 

Or thus: Having found ffi'=«:i25, thSi 4m'=t=500, and 
800— 500=300=tg'; then 15m==75, and SOO*^. 75 ==4=s a 
'2J, and ^4=2=^=2^ ; and we find the four required numbers 
to be, as before, 2, 4, 6 and 8. 

3. Given the sum of four numbers in arithmetical pro^ 
gression equal 30, and the sum of their cubes equal 2700 ; to 
flnd those four numbers. 

First 30-T-4 or «-rM=7i5=s»«, and 2700-f-4 er«®-Mf=2 
€75; then m'=421j,and 675— 42l|=:253|^=a,and 15j» 
==112J; then 2534-rll2j=:2i=srf2^ and V2|=li=rf; 
' therefore 7J— lj=6=:a;, and 7|+Ti=9=y ; and the four 
irequired numbers are 3, 6, 9 and 12. 
' Or thus: Having found m3=421j, then 4ot»=1687J, 
and 2700— 16874=1012J ; then 15ot=:112J, and 101 2^ 
4-112J— 9=D2rf, and^9=3=2e/; and the four required 
numbers, as before, are 3, 6, 9 and 12. 

4. Given the sum of the cubes of the two first of four 
numbers in arithmetical progression equal 854; to find those 
four numbers. 

First 854-f- 2=427 ; then the number, the cube of which 
IS nearest to 427, but less, will easily be found to be 7 ; 
then taking 7=f^ or a mean proportional between those two 
numbers, we have 7^ or »(i'=343 ; then 427—423=84=: 
f =rf2 X3«t ; then 3m 21, and 84-^21=^4=^2^ and ^4= 
J=rf; therefore 7—2 5=«?, and 7+2=9=0?; and thus 
having found the two first to be 5 and % we have the four 
required numbers, 5, 9^ 13 and 17- 

• 

5. Given the sum of the cubes of the first and third of 
Ibur numbers in arithmetical progression equal 22^4 ; to find 
those four numbers. 

First 2224-r2=1112=w'+3m£Z2; then the number, the 
cube of which is less than 1112, and will answer the co^r- 

F 



^^\ 



42 QUADRATIC EQUATIONS. 

ditions of the rule, will be found to be S^m; then »i^=s5l2fy 
and 1112— 512i=600=g ; then 3m=24, and 600-r24=i 
25=rf2, and ^ 25s=z5=d; therefore 8— 5=3=w, 8=ar, 
and 84-5=13=?y ; and having thus found the three first to 
be 3, 8 and 13, we have of course the four reqidred num- 
bers, 3, 8, 13 and 18. 

Or thus : Putting 8*=^ or=;a:, then 2m*=1024, and 2224 
— 1024=1200=3TOX2rf2. then 3m=24, and 12004-24« 
50=2<^2. tjjen 5rO-r2=25=rf2^ and ^25=5==^ ; and the 
four required numbers, a» before^ are 3, 8, 13 and 18. 

6. Given the difference of the two extremes of four num- 
bers in arithmetic progression equal 12, and the difference 
of their cub^s equal 3348 ; to find those four numbers. 

First 12X3=36; then 5344-4- 36=93 =»i2 4.Jd2, and 
V93=9+12=irf2. then 12X3=36=^2^ and V36=6= 
d; therefore 9— 6=3=ttT, and 9+6=15=« ; thus having 
found the two extremes, and the common difference, the four 
required numbers are 3, 7^ 11 and 15. 

7. Given the difference of the two means of four numbers 
in arithmetical progression equal 4, and the difference of 
their cubes equal 988 ; to find those four numbers. 

First 4X3=^12, and 988-rl2=82i=TO2^j^ . then 

V82.^9+lJ=J<^2. then ljx3=4=rf^and V4=2=rf; 

therefore 9— 2=7=iCj and9+2=ll=y ; and having thus 

found the two middle numbers and their common difference, 

the four required numbers are 3, 7> 11 and 15^ as per last. 

CASE XIH. 

The sum of five numbers tn arithmetical progression and 
the sum of their cubes being given ; to find those numbers.. 

RULE. 

Let 8 equal their sura, s^ the sum of their cubes, to the 
first, X the second, m the third or middle number, y the 
fourth and z the fifth, n the number of terms, q the difference 
between m^ and i of «', and d the common difference ; then 
will s-T-n^m, and a^-r-n^m* +d^ x6m i i. e. «'-T-n— w* 
=sy, and q-^dm^d^; then m— £fc=a?,an(ii»+5=y, &c. 

EXAMPLES. 

1. Given the sum of five numbers in arithmetical pro* 
gression equal 35, and the sum of their cubes equal 2555 $ to 
find those five numbers. 

First «-r»=7=OT,and fi*-r»=?551=m'+(i^ X6m j theft 
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«* 8*343, and 551— 343=:l68=g ; then 6i»=42, and q-rr 
42=4=c?2,and V4=2=</; therefore?— 2=5=a;, and'7+2 
=9==y; thus having found the three middle numbers and 
the common difference, we have the five required numbers 
3, 5, 7, 9 and 11. 

Or thus: Having found m=7,then «'— 5m'=30mcf2, and 
3m«=17l5; then 2555— 1715=810, and 30m=210 ; then 
840^210=4=^^, andv'4=2=c?; and the five required 
numbers are, as before, 3, 5, 7, 9 and 11. 

2. Given ^he sum of five numbers in arithmetical pro- 
gression equal 6, and the sum of their cubes equal 11880 ; 
to find those five numbers. 

First 8'-rn=12=m, and 8^'r'n^2S76'*'m^+6m(P; then 
«i'=1728, and 2376— 1728-= 648=;^<f ; then 6w=72, and 
gr-i-72=9=rf2^ andV9=*5=^; therefore 12=»i, 12—3=9 
=x,and 12+3=15=y ; and the five required numbers are 
16,9, 12, 15 and 18. 

Or thus: Having found 5m' =8640, we have 11880— 

8640 =3240= 30»irf2, and 30m=360^ then 3240-t- 360=9 

=:rf2, and y^9=3==rf ; we then have 12— 3=9=a:, and 12+ 

3=1 5r=^; and the five required numbers are, as before, 6, 

9,12, 15 and 18, 

3. Given the sum of five numbers in arithmetical pro- 
gression equal 85, and the sum of their cubes equal 3731 5 j 
to find those five numbers* 

First s-r- »=1 7=»», and «' -r- w=7463=m' + Gmd^ ; then 
iw»=4913, and 7463— 461 3=2550=6md2 . ^hg^ 6wi=102, 
and 2550-r 102=25=c?2, ^nd ^25=5- e?; then 17—5=12 
=a;, and 17+5=22— y ; and thus having found the thre^ 
means, the ^ve required numbers are 7, 12, 17, 22 and 27. 

Or thus : Put 5m'=24565, and 37315^24565^=12750 
s=30nkf'; then 30m =5 10, and 12750-^-510=25=^2, and 
V25=5=rf; therefore we find the five numbers, as before, 
to be 7? 12, 17, 22 and 27- 

4. Given the sum of the cubes of the three first of fivQ 
numbers in arithmetical progression equal 3540; to find 
those five numbers. \ 

First 3540+3=1 1 80; then the number, the cube of which 
13 less than 1180, will easily be found to be 10 ; then 10^e= 
1000, and 1180— 1000=1 80=5f ; then 5f-7-2m=9=rf2, an(J 
^9=3=rf; therefore 10— 3=7=»^,a?=10, and 10+3=13 
==m ; thus having found the two first of the five numbers to 
be 7 and 10, and the mean proportional 13, we have the fivQ 
required numbers equal 7; 10^ 13; 16 and 19* 
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Or thus : Having found (lie middle number of the three 
equal 10, then Swi^ =3000, and 3540-r-3000=:540=6»M/2j 
then Gw»=60, and 540-T-60=9=rf^, andy9=3=:::rf; antf 
the five required numbers are, as before, 7? 10, 13, 1 6 and 19. 

5. Uiven the sum of the cubes of the two extremes of 
five numbers in arithmetical progression equal 12194 ; ta 
find those five numbers. 

First 12l94-«r2 6097; then the number, the cube of 
which is nearest to 6097) and agrees with the conditions of 
the rule, will be found to be 13, and 13=m ; then 13^=2197, 
and 6097— 2l97^3900=:g' ; then Sm=39, and q-r-SO^s 
lOO^d^j andViOO I0=c?; then 13— 10--=r3'=«r,and 13 
+ 10=23— s; and thus having found the mean propor- 
tional equal 13, and the difference of the two extremes equal 
20, the common difference is of Course 5, and we find the 
five required numbers to be 3, 8, 13, 18 and 23. 

6. Given the sura of the cubes of the two means (or of 
the second and fourth) of five numbers in arithmetical pro-* 
gression equal 6344 ; to find those ^we numbers. 

First find by trial a number, the cube of which is less than 
6344-r2, or less than 3172, and the remainder of which, di- 
vided by Smy will be a square number ; thus 13^^2197, and 
then S172-«2197=975, and 3m=39 ; then 975^39=25 
=rf2^and ^25=5=^/; therefore 13— 5=8, and 13+5=18; 
thus we find a;=;8, JStt=13^ and y=18 ; and having found 
these three numbers and their common difference, the five 
required numbers are 3, 8, 13, 18 and 23. 

7; Given the difference' of the two extremes of three num- 
bers ia arithmetical progression equal 12, and the difference 
of their cubes equal 2736 ; to find those five numbers. 

First 12X3=3^>, and 2736-^36=76=i«?+Jrf2 . ^y^^ 
V76=8+12=:Jrf-,and 12X3=36=^2. thenV36=6=5 
(if; therefore 8— 6=2=M?,and 8+6=14=z; and thus ha- 
ving found the two extremes, the five required numbers will 
of course be 2, 5,, 8, 11 and 14. 

i 

CASE XIV. 

The sum of two numbers and the sum of Aeir fourtl^ 
powers being given ; to find those numbers. 

RULE. 

Let X equal the less and y the greater of the two numbers^ 
« their sum, s^ the sum of their fourth powers, n the number 
pf termsj m the mean proportionalj q the difference between 
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2m* and <^, and 2d the difference of the two numbers ; then 

then m-^d^zx^ and m-^-d^y; or (w-'d'^*+(m+«?J*— 2»i* 
+ X2w2x2rf2+2c;*. 

EZAHPLB8, 

1. Given the sum of two numbers equal 6yand the sum of 
their 4th powers equal 272 ; to find those two numbers. 

First «^«=3=»i, and (3r-c//+(3+flf/=272, by the 
question; then 2i»* = l62,and 272— 162 =110=1 2^2 xdf^* 
+2d^; then 12m2=l08,and 1 10—108= l+2=2c/*; then 

2-T-2=l=rf*, and Vl = l=5=«?; thenS— l=2=x, and 3+ 

1 =4=y ; and the two required numbers are 2 and 4. 

2. Given the sum of two numbers equal 8^ and the sum 
of their 4th powers equal 1312; to find those two numbers. 

First «-rw=4^^», and «*-^»=656 ; then m*=256, and 
656— 256=400 = gf=12m2xc/*+c/*; then 12w2==192, 
and 400-7-192=2+ ]6=Jrf2^ and yi6^2=d', therefore 4 
«-2=52=a:, and 4+2=6=y ; and the two required num- 
bers are 2 and 6. 

Or thus : Having found m=4, we have by the question 
(4— «?;* + , 4+rf/=1312 ; then2w*=512, and 1312— 
512=800; then 12m2 = l92, and 800-7-192=4=^2^ lea- 
ving a remainder equal 32=2c?*, and 32-7-2 = 16=^*'; 
then Vl6=2=df; therefore 4— 2=2=ar, and 4+2=6= 
y; and we find the two required numbers, as before^ are 

2 and 6. 

S. Given the smn of two numbers equal 12, and the sum 
of their 4th powers equal 6642 ; to find those two numberis. 

First 12-r2 or «-r-w=6=i», and «* -r»=3321 ; then m* 
=1296, and 3321 — 1296=2025=^; then 12wi2=432,and 
2025-r-432=4j, or 4^=^d^^ leaving a remainder of 81 = 
</*, and V81=3*=rf; therefore 6— 3=3=Ka;, and 6+3=9 
s;ry ; and the two required numbers are 3 and 9* 

Or thus: Having found m=:6j then (6— «?j*+(6+c?^* = 
6642, by the question; then 2»i*=!2592, and 6642—2592 
=4050; then 12m3=432,and4050-r-432=9=rf2, leaving 
^remainder of l62=2rf*; then 162+ 2=81 =€?*, and V^l 
.3=3=d ; therefore 6—3s=:3;=zXy and 6+3=9=y ; and the 
two required numbers are, as before, 3 and 9* 

4. Giv€» the sum of two numbers equal 8, and the difie^ 
ference of their 4tb powers equal 1280 ; to find those two 
numbers. 

First *+Bs=4«»i; we then have (4+d/— (4— c(;*=« 
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1280, by the question; then 2»i^=512, and 1230^512.;= 
76S=l2m^ X d^, when m and d^ are equal ; when they are 
not, the difference will equal x; then 12m^=sl92, and 76S 
-^I92==4=^^9and no remainder, which shoWs d^ and x^ 
are equal; then ^4=2=:(/ or x; therefore 4 — 2=2=J7, 
and as the two numbers are given equal 8, then 8 — 2=6==y ; 
and the two required numbers are 2 and 6. 

5. Given the sum of two numbers equal 14, and the dif- 
ference of their 4th powers equal 14560; to find those two 
numbers. 

First 14-r-2=7=»i ; then, as before, (7+d)^—(J—d)^ 
= 14560, by the question; then 2iii*=4802, and 14560— 
4802=9758=12m2d2^2J*— 2x*; then 12m2=588,and 
9758-r-588=l6=:rf2^ leaving a remainder of 350=:2(i* — 

x^; then 350-t-2=tl75=rf*— a;*; and as the nearest fourth 
power that is greater than 175 is 4^=256, then 256—175 
= 81^ a:*, and V81=3=a: ; then having the sum oi the 
two numbers given equal 14, then 14 — 3=1 l=y; and the 
two required numbers are 3 and 11. 

6. Given the difference of two numbers equal 2, and the 
difference of their 4th powers equal 240 ; to find those two 
numbers. 

First 2X4=8; then 240-r8 = 30=m'+»K?'; then the 
number, the cube of which is less than 30, is 3, and 3'=27j 

then 30^27=3 =»M^^,and3-r-3=l=;:d2^andVl=l=<^; 
therefore 3—1 =2 =;;x, S=m, and 3+1 =4=y ; and the two 
required numbers are 2 and 4. 

7. Given the difference of two numbers equal 8, and the 
difference of their 4tb powers equal 14560 ; to find those tw^ 
numbers.* 

First 8X4=:32=58<f, putting 8=2 J; then 14560-^32=5: 
445=m^+tnd?; then the number, the cube of which is less 
than 455, is 7; then 7=»», and m'=343 ; then 455—343 
= 112=»irf2; then 112-rm=l6=rf2^ and ^1^=4=^1 

therefore 7— 4=3=a;, and 7+4=ll=y ; and the two re* 
quired numbers are 3 and 1 1. 



*This is given in Mr. Ryan's edition of Bonnycastle's Algebra, 
New-Tork, 1822, page 145, where he observes, *' In the solution of 
this qnestion, the process brings oat the answer in the form x^ -jrox 
=6, which is a cubic equation, and therefore cannot be resolved by 
the ordinary rules of quadratics, but we can tometimes reduce such 
equations to the form of quadratic, and then resolve them by the 
rules already given :*' by which he appears to have no certain or 
|;e&eral rule. Jhe rule here given is certain; general and simple. 
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8. Given the difference of two numbers equal 7, and the 
difference of their fourth powers equal 20111 ; to find those 
two numbers. 

First 7 X 4=28 =8<f; then 201 11 -r- 2 8 =7181; then by 
extracting the nearest cube root, we find 8j'=6l4j; then 
7l8j—6l4j=104j-4-m=12j, which brings out d^sslSj; 
thenV12j=Sj==d'; therefore 8^— 3Jc=5=j:, and 8J+3J 
£=12=:y ; and the two required numbers are 5 and 12. 

9. Given the difference of two numbers equal 3, and the 
difference of their 4th powers equal 1215 ; to find those two 
numbers. 

First 3X4= 12 =8ef, and 1215— 12=101 J=m»+iiMf2* 
then the number, the cube of which is less than 101^, is 4^^ 
and4p=91j; then lOlJ— 91i=10|=wd2. ti^gn lOj-r- 

4j=2j=rf2^andV2j=l|=cf; we then have 4j— lj=» 
=x, and 4^+ 1^=6=^ ; and the two required numbers are 
3 and 6. 

CASE XV. 

The sum of three numbers in arithmetical progression 
and the sum of their 4th powers being given ; to find those 
three numbers. 

RULE* 

Find a mean proportional as before, by dividing the given 
IHim of the numbers by the number of terms ; then from 
the sum of the 4th power deduct 3m^, and the remainder, 
equal q, divided by 12m2, will leave a remainder equal twice 
the 4th power of the common difference. Or thus : 

Let X equal the least, m the middle or mean proportional, 
y the greatest, s the sum of the three numbers, 8^ the sum 
of their 4ih powers, n the number of terms, q the difference 
between «* and Sm*, and d the common difference. Then 
will «*— 3m*=12wi2df*; I e. 8^Sm^-T-l2m^=zd^+2d^j 
or will leave a remainder equal 2d*. 

BXAMPLE8. 

1. Given the sum of three numbers in arithmetical pro- 
gression equal 12, and the sum of their 4th powers equal 
1568 ; to find those three numbers. 

First 12-7-3=4=m; we have {m^d)*+m*+(m+d)* 
=1568, by the question ; then 3m* =768, and 1568— 768= 
800=5= l2i»2J2+2£f4; then 12wi2— 192, and 800-M92 
^4+32^2d*', then 32-r2=l6=dS andVl6=2=rf; 
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therefore 4=»i, 4— 2=2;=a?, and 4+2=6==y; and the 
three required numbers are 2, 4 add 6. 

2. Given the sum of three numbers in arithmetical pro» 
griession equal 15, and the sum of their 4th powers equal 
4737 ; to find those three numbers. 

First 15-r3 or «-rrt=*:5==m; we then have (5— rf)*+5* 
+(5+rf/=4737, by the question ; then 3»»*=1875, and 
4737-^ 1875=2862=12^2^2 +2rf*; then 12w2— 300, and 
2862-7-3004^9=^2 + 162=2^*; then 1 62 -f- 2=8 !=«?*, and 
\/81=8s=:<?; therefore 5— 3=2=a;, 5=wi, and 5+3=8 
t=zj/ ; and the three required numbers are 2, 5 and 8. 

3. GiVen th^ sum of three numbers in arithmetical pro- 
gression equal 24, and the sum of their 4th powers equal 
32738 ; to find those three numbers. ' 

First 24-r-3=8=w; then Sm* 12283,and 32738—12288 
=20450=3'; *en 12w2=768, and 20450^768=25+ 
1250=2rf*; then 1250-r2=625=rf% and V625=5=rfj 
therefore 8— 5=3=a7, 8=m, and 8+5t=13=y ; and the 
three required numbers are 3^ 8 and 13. 

4. Given the difference of the two extremes of three 
numbers in arithmetical progression equal 8, and the difie-> 
rence of their 4th powers equal 27936 ; to find those three 
numbers. 

This may be solved the same as if there were only two 
given numbers, taking the middle number for a mean pro- 
portional. Thus, put 8=2rf; then 8X4=^32— 8(/; then 
27936-7-32=873, leaving a remainder equal 144; then the 
number, the cube of which is nesurest to 837j but less, is 9 » 
and putting 9=»i, then »i^ =729, and 873—729-144= 
«d2. then 144-r9~l6=<f2, and ^ 16—4 =rrf; therefore 9 
^4—5=0;, 9=w, and 9+4=;=13=y ; and the three requi- 
red numbers are 5, 9 and 13. 

CASE jyi. 

The sum of two numbers and the sum of th^ir 5th pow> 
ers being given ; to find those jiuipbers. 

Et7LB. 

Find a mean proportional by dividing the g^ven sum by 
the number of terms as before ; then from half the sum of 
the 5th power of the two numbers deduct the 5th power of 
the mean proportional ; the remainder will be equal to the 
l^ean proportional multiplied by ten times the square of oiie 
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h&lr the difiereneey more five times th^ 4th powin* of ond 
half the difference ; therefore the remainder, or q^ divided 
by ten times the square of the mean proportional qiuhiplied 
by the square of one half the difference, will five a quotient 
tqual to the meanproportional, and leave a remainder equal 
,lo the 4th power of one-half the difference multiplied by 
five times, the mean proportional. Then to find the square 
of one-half the difference, proceed thus s Divide q by ten 
times the square of m, and divide, (hat quotient by one-half 
of «, so as to have a quotient that is a square number ; thus, 
suppose 9 equal to 128 16O, which it Will be when the requi- 
red numbers are 5 and 13 ; thenia^ssSl, and 10»*^=81Q ^ 
then 128l60-r 810=158, and a remainder of 180; then 
Ia8-r9=?17f and a remainder pf 5 ; but 17 is not a square 
number; therefore take 16, and 810xi6=!:12960; then 
128^^60 H-12960=9)and a remaindeif of 11520 ; then 11520 
^5»i or 45=256=4th power of dy or one-half the diffe- 
lence; then Y25G=4=<if; therefore 9 ^ 4*= 5 s=; x, and 9 + 
4=13=^ ; and the two required numbers, as before^ are 5 
and 18. 

This rule, I am w^nsible, will appear at first somewhat ab- 
Struse ; but a little practke and a competent teacher will 
soon make it easy* : 

« * 

1. Given the Sum of two numbers eqiial 6jatad the sum of 
iheir 5th powers equal 1056 ; to find those two numbers. 

First »4-«=3=«, and «*-t-»==528 j then i»* =243, and 
528--243=i:285; then lOm^ssQO^and 285 4-90=3, leaving 
II remainder of 15; then 3-r3==l=rf2^ q^ 3*i.J«=3=sl 5 

ihen 15-r5»» or 15=?=l=cf-, and yi = l=£f; therefore 3^ 
l:£:2=j?, and 3-)-l=4=fty ; and the two required numbers 
are 2 and 4. ... 

2. Given the sum of two numbers equal S, and the sum 
ef their 5th powers equal 7808 ; to find those two numbers* 

First «4»n=4=w, and «*-i-ii=3904 ; then m^«= 1024, and 
S904— 1024=2880=5f; then 10«^=l60, and 2880*^160 
6rl8 ; then 18-r(i#-rn)=x4-f 2, and as 4 is a square num* 
ber equal (/3, then 160X4:^640, and 2880<^6403?4, lea« 
ving a rennainder equal 320 ; then 5in=20, ancl 320-«r 20=: 
l62s:£^*,and \/l6^2:^', therefore 4^2=2s=:x,and 4+2 
r=:6=^ ; and the two required numbers are 2 and 6. 

3. Given the sum of two numbers equal 12, and the sum 
ef their 5th powers equal 59^92 ; to find those two tiumbens. 

G 
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First 12-4*2 or «4-«=66=w, and «*-t-»=a29646; thcifw* 
—7776, and 29646--7776=218705=gj j then 10«a=s360, 
and 21870^360ittt60; then 604-^ or 6:^10, which is not 
a square number; then take 9^<Py and 360x9=3240; 
then 218rO-7«3240=£6==m,leavingareinainder equal 2430; 
then 5i»=s30, and 2430-^30=81 =:rf*, andV81=3«<^; 
therefore 6^3='3=3Xy and 6+3=9=sy ; and the two requi- 
red numbers are 3 and 9* ^ 

4. Given the sum of two numbers equal 16, and the sum 
of their 5th powers equal 249856^ to find those numbers. 

First »-4- »=i 8=M», atid *« 4- rt=al2;4978 ; then nt^ =r32768, 
and 124978—32768=92210; then I0ifi»=640,And92110 
-4-640= 143, leaving a reinainder; then 143-t-8=:t17, and 
a remainder ; but 17 is( not a square number ; then take 16, 
and 640X 16$=:10240; then 922 10 'r 10240= 8, leaving a 
remainder of 10240; then 5mat40, and 10240-r-40=256 
=rf*, and V256=4£:srf ; therefore 8— 4=4=x, and 8+4 
s?12=y ;' and the two required numbers are 4 and 12. 

Or these problems may be solved thus : 

»*— 2»i*-r-20m2(Pss=id*; and the square of d may be 
found thus: 8^'-^2m^'^q; the^ ^-r- 20ir^, and that quotient^ 
divided by m, so as to produce a square number, will be equal 
to^^'; thus having found d^ and the mean proportional, the 
two numbers may be found without further process. But I 
think it best to proceed thus: $-r 10m^d'=m, and leaves a 
remainder equal d* x 10m ; therefore that remainder, divi- 
ded by 10»t, will equal d*, 

EXAMPLES. 

5. Given the sum of two numbers equal 8, and the sum, 
of their 5th powers equal 7808 ; to find those numbers. 

First 8-^2=4=m; then (4— d)«H-(4+rf/=7808, by 
the question; then 2i»«=2048, and 7808—2048=5760; 
then 5760-T-20in3=sl8,and 18-^m=4+2, and 4 is a square 
number equal ^2. then .20»i2rf^= 1280, and 5760-4-1280= 
4= /n, leaving a remainder equal 646=109iic?^; then 10iii= 
40, and 640-T-40=l6=rf*, and Vl6=2=d; therefore 4 
— 23=2s^, and 4+2s^6Bey ; and the two required numbers 
are 2 and 6. 

6. Given the sum of two numbers equal 10, and the sum 
of their 5th powers equal 17050; to find those numbers. 

First *-r-«==»5— »»; then 2w*=6250, and 17050—6250 
^lOSOO=q; then 20rii2=500, and g'-r-20»|2=21 ; then 
21*riR»i> leavmg 9^ remainder, and 4 is a square number 



QUADRATIC EQUATIONS- W 

equal <23; ihmQOm^d^atz2000, and q-^20m^d^^59imy\eek' 
ving a remainder of 800s lOmd^ ; then 800-^10m=l6=s 
=s£{^; therefore d*-2sE:3s:«x,and5+2s=7°*y; and the two 
required numbers arq^S and 7. 

7* Given the sum of two numbers equal 16, and the sate 
of their 5th powers equal 249856 ; to find those numbers. 

First «-4-n»8«ffi, and 2jpi* =65586; then «*— 2m*= 
18432a»9, and 20ni2s:i280; then Qr-i.20m'»144,lind 144 
-T-M^lSy which isoiot a square number ; then take idssad^^ 
and 20m3fi;3»20480 ; then q-iriOm^d^^Br&mj leaving a 
jemainder equal 2045Q»10i7uf^; then 2048Q^ 10m3=256 
=Kd*y and V^^^4»^; we then have 8-^4=?4=:ar, and 
8-|-4=l2=:y; and the two required numbers-are 4 and 12. 

8. Given the difference of two numbers equal 4, and thfe 
difierence of their 5th powers equal 7744 ; to find those two 
numbers. 

> Flrslt let the difference 4s:2<f, and 10«lr=20 ; then 7744 
-s-20«»387.2i«»i*+|10w»|2+c?*; then the number, the 4th 
power of which is less than 387«2, is 4^=s256; then let 4 
=m,and 387.2— 256=131. 2X5=656= lOwm^+rf*; then 
10in^=l60, and 656 ^160;=?4, leaving a remainder of l6 
=«?*,and Vl6=f2=c?; therefore 4»-2=2=a:, and 4+2*5 
6=y ; and the two required numbers are 2 and 6. 

: 9. Given the difference of two numbers equal 5^ and the 
difference of their 5th powers equal 96875 ; to find those two 
numbers. 

First 5=«2rf; then 10rf«=25,and 96875-r 25=3 875 =»if 
•4-|10fit'-{-c?^; then the number, the 4di power of which is 

les«than3875,is74*=^l64TV,and3875— 3l64^=710H; 
and 7l0if X5=3554H; then m^ or 7J^=56J, and lOiii^ 
=562J; then 3554||-T-562j=s:6f|, leaving a remainder of 
39tV««'-?and V39TV=2j=rf? therefore 7J—2j=5=3ta:, 
and 74+2^=10=^ ; and the two required numl^rs are 5 
and 10, 

CASE xvn. 

, The sum of three numbers in arithmetical progression 
and the sum of their 5th powera being given ; to find tho^e 
three numbers. 

EULB. 

Find a mean proportional as before, by dividing the given 
isum of the numbers by the number of terms ; then fron^ 
the sum of their 5th .powers deduct the 5ih power of tl)6 



if two numbers ant) their ^th powers were givai^ the meaii 
propo^tmnal being the aQiddle number. Thus : 

Given the sura of three numbers in arithmetical pfogres- 
aion e^al 24, and tlie;sam of their 5th powers equal SS2624 j 
to find those threfe nuniber^s. 

First 24«-3«fe893m, the middle hamber; then «^=t32768 
and 282fl24-^327'6&*a2i4S!a56, the sum of the 5th power 
of two nuibliers whose smtk is l6 f as in case xvi. example 
4th ; and the three Required numb^&are 4, 8 and 12. 

Other rules may be given for the solution, of problems ot 
this natrnte ; but 1 think this so much easier than any i:)ther, 
thatit is Uniiecessai^y to insert them. 

- ' 

CASES XVIIL 

• The sum of three nisabers in geometrical progreission and 
the sum c^*. their squares being given ; to find those numb^ 

nui«E, 

' ■ • - 

In any three numbers' ih- geometrical progressfon the sum 
of thie 'squares, divided by the ratio more 1, is equal to the 
square of* 'the second term, more the square of the fifst. 
Thus when the ratio is given^ this is the tnost easy method of 
f caution ; but when the ratio is not giveti, let it be noted that 
the square of the middle term is equal to the product of tbi^ 
two extremes : therefor^ let x^ y and - z equal the three re- 
quired numbers ; then jf^ +a»c=2y ^ : or the sum of the 
squares^ divided by the number of tertns, is equal to thtf 
square of a nrnan* propoltional to the two extremes, more 
Oee-thiifd of their difference ; and thus havhig found the two 
extremes^ theik* product \h equal to the squats of the second 
termi 

EXAMPLES. 

1. Given the sum of three numbers in geometrical pro-? 
gression equal 14, and the sura of their squares equal 84 ; 
to find those three numbers ; the ratio being 2. 

First r2 + l=5, arid 844" 5=1 6+ 4; then ^l6=4=ry, 
and ■v/4=2=r=x ; thus having found the two first numbers to 
he 2 and 4, the third will of course be 8 ; and the three r^- 
quured numbers are 2, 4 and 8. 

Or if the ratio were net given, then proceed thus : 84*^-8 
2=:28=»t^4-i<^^^ ^»' one-third the square of one-half the dif-t 
fisrence of the two extremes ; then thli^iijamber, the square qt* 
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Wbick is lesitUaii 2&y and will ie$Te a remainder equal one* 
thifd of a square, is ^^.^25 ; then 28— 23=^33?^^^, and 3 
X 3=^-9, and V9=*3=<f ; therefore 5-*3=2=«, and 5+3s=: 
8 »^2 ;> and thus having foutid the two extremes to be 2 and 
8, then 8x2 = l6e=:y**, and Vl&'=4=sy; and the three re- 
quired numbers are 2y 4 and 8. 

2. Given the sum o( three numbers- in geometrical pro- 
gression equal 59; and the sum of their squares equal 819 ; 
to find those three numbers ; th.e ratio being 3«. 

Firstf3 4.i^l0, and 819-7-10^81 +9; then v'Sl =9= 
y, and ^9==3=a; ; thus having found the two ftrst numbers 
to be 3 and 9; we have of course the three required num- 
bers, 3, 9 and 27. 

Or if no ratio were given, proceed thus : 81 9-^ 3^=273 ; 
Ihen the number, the square of which is less than 273, and 
will leave a remainder equal to one-third of a square num- 
ber, is 15 '=^225; then 273— 225=48=Jd?, and 48X3=^ 
144==c?^, andVl44=^l^==rf; therefore 15— 12;= 3=*=a;, and 
I5rf l2tts:27==2; ttnd having thus found x and Zy and the 
product of 0:2^=^81 ^ssy^y then •y/81 s»9=^y ; nnd the three re- 
cjuired nulnbers, as before, are 3, 9 and 27. 

3. Given the suoi of three numbers in geometrical pro- 
gression equal 26, and the sum of their squares equal 364 ; to 
iind those three numbers ; the ratio being 3. ^ 

First r2 + l = lO, and 364-r 10=36+4 ; lhenV36?=6 
=y, and •^4=2=0;; and haying found the two first to be 
2 and 6, the three required numbers are 2, 6 and 18. 
- Or if no ratio werd given, proceed thus : 364+3=121 J 
=m2+Jd2. 'x)r.^xi the number, the square of which is less 
than 121^, leaving a remainder equal one-third of a square 
number, is 10*=100; then 121t^— 100=21 J, and 21J^X3 
=64=rf2, and V64=8=c?; tfiereforelo— 8=2=a:, and 10 
+ 8=18=«, and4»=:36=^^; then -/36=6=y ; and the 
Ihr^ requir^ numbers, as before, are 2, 6 ajid 18, 

NoTB. — ^When .the sum of the squares form a fraction, 
divide, so that the quotient pay be a square number. A lit* 
tie attention and practice will make this easy. Thus : 

4. Given the sum of three numbers in geometrical pro- 
gression equal 24|, and the sum of their squares equal 
289*453125 ; to find those numbers ; the ratio being 2^. 

First r^ + 1=7.25, and 289.453 125 -r- 7.25=39, the whole 
number ; then the only square number between 39^ and 40 
is 39tV or 39.0625,and 39.0625 X 7-25=283.203125 ; then 
8^.453125— 283.203125=;6.25=a;2,andV6.25=2.5=x, 
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and^39^=3;6jr=sy; ancLthus having found the two fini 
numbers equal 2^ and 6^y the three cequired numberB are of 
course 2^,< 6^ and 15f . 

Or proceed thus, when no rati!) is given: 2 89*453 1*2 5 -^3 
H^ 96*4843 75 ; then the. number^ the square of which is near- 
est to this, but less, is 9,^8 ^=?82. 12 890625, and 96.484375 
— 82.12890625=:14;35546875:^J^^; this muliipUed by 3, 
and extracting }he root as before given, will leave; ^=6/,; 
then m or 9^\ — 6j% =a:, and 9^^ +^^9 = 1 5f ; thus having 
found the two first equal 2^ and 6|, tb^ three required nuttir- 
bers, as beipre, are 2j^, 6^ and 15f » 

Note. — In dividing by the square of the ratio + 1, when 
the first term is greater than the ratio the quotient will be 
greatct than ^^: in this case take the nearest square root to 
the quotient ; then multiply the remainder by the ratio +1| 
and add that product to the former remaii^der, a^d their sum 
will equal x^. Thus : • 

5. Given the sum of three numbers in geometrical pro 
gression equal 65, and the sum of their squares equal 2275 ; 
to find those three numbers ; the ratio being 3. 

First r3 + 1=10, and 2275-rlO==227+5 ; but 227 iJ 
not a square number ; then, by extracting the nearest root, 
wehave I5'=225, and 227—225=52; then 2XlOn*=20-f- 
the former remainder 5=25^ and ^25==5»=^ ; and thus ha- 
ving found the two first numbers to be 5 and 15|the three 
required numbers are 5» 15 and 45. 

Or thus, when no ratio is given: 2275-=- 3=758 J ==m'+ 
j^d^; then the number, the square of which is less than 758^, 
and leaves a remainder equal to one-third of a square num- 
ber, is 255=625; then 75 8 J— 625=1 33 J=Jrf'; then 133 J 
X 3=400=^2, and ^400=205;=^; therefore 25— 20= 5=» 
Xy and 254-20=45fe??, and^aa=15=y; and the three 
required numbers, as before, are 5, 15 and 45. 

6. Given the sum of the squares of the two extremes of 

three numbers in geometrical progression equal 2313 ; to 

find those three numbers. ' . 

Let Xf y and z^ and other symbols, be as l^efore ; then the 
2313-7-2=1156J=»i3H-rf2. then the number, the square 

of which is less than 115^, and leaves q equal to a square 
number, is 25J, and 25 J^ or »i»=650i j then 1 156J— 650J 
=506i=(f2^ and V506i=2^J=rf; then 25J— 22|=3=a7, 
and 25j+22J=48=y; thus the two extremes are 3 and 
48; then 0^2=144=^5, and '/144=il2=y; and the thre^ 
lequired numbers are 3, 12 and 48. 
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7. Given the square of the middle of three numbers in 
geometrical progression equal 524 ; to find those humberfi. 

First-/324=18s=^, also ^^5=^*2; we then, have given 
the product of two numbers equal 324^ to find those num« 
bers, as. per case second ; when by a few trials we find that 
the number, the square of which is greater than 324^ and 
leaves a square number, is 30^=900 ; then 900—324=576 
s=rf2^ and ^5r63=:24tec£?; therefore SO— 24=6=a;, and 30 
4>24c=:543=y; and the three required numbers ate 6, 1$ 
and 54* 

Note. — In this case, by htivkig the sum of the three num- 
bers given, the work will be done more easily. Thus : 

Given the sum of tlnte numbers in geometrical progresi- 
sloh equal 93, and the square of the middle number equal 
225 ; to fiiid those three numbei^. 

First -v/ 225=1 5 =y ^ and as the sum is given equal 93, 
then 93— 15^=78, the sum of the two extreme numbers; 
we then have given the sum of two numbers equal 78, and 
their product equal 225, to find those numbers ; then 78<*r> 
2=39=m, and w*=1521 ; then m'— y2=f296=rf^, and 
Vl296==36=rf; therefore 39— 36=:3=a?, and 39+36=£ 
J^ss^z ; and the three required numbers are 3, 15 and 7^« 

CASE XIX. 

The continued product of three numbers in geometrical 
progression ^iven ; to find those numbers. 

• , ' ■ » 

Propositions . of this nature, without further data^ are in 
some measure unlimited. The continued product of any 
three numbers in geometrical progression is always equal to 
the cube of the middle number, and any number by which 
ihat is divisible will be a ratio, and will give the same pro- 
duct. Thus : Given the continued product of three num- 
bers in geometrical progression equal 1728 ;r to find those 
numbers. TTien Vl728=12, the middle number, and 12 
is divisible by 2, by 3, by 4, and by 6 ; then Jf >ve take any 
one of these divisors, and produce from it 12 for the middle 
number, we shall have 2x6=12, 3X4=12, 4X3=12, 
In the first, we shall have this progress : 2 X 12X 72^1728 ; 
in the second, we shall have 3X12X48=1728; in the 
third, we shall have 4X 12X36=1728 ; to which might h^ 
added 1 ; as 1X12X144=1728 ; but if the sum of the 
Uuree numbers be given^ the problem then is limited* 
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EXAMrLEB. 

' 1. Given the sum of three numbers in geometrical pi*d- 
sion equal 63^ and their continued product equal 1728 ; to 
find those three numbers. 

First V 1728 =12==^, and y^=zl44=&xz^ and.63-^12=i 
51 ; we then have these data, viz. the sum of two numbers 
equal 51, and their product equal 144, to find those two 
numbers ; then 51-r 2=25j=iOT, and in^=650i; then 650^ 
— 144=506J, and V 506^=^22 J=£C?; therefore 2 5^—22 J= 
S=Xy and 25J+22J=48==;5 ; and the three requiri^d num<-. 
bers are 3, 12 and 48. 

2. Given the sum of three numbers in geometrical pro- 
gression equal 172, and their continued product equal 13324; 
to find those thtee numbers. 

First Vl3B24=!n24j and' 172—24=148 ;^ therefore 24=s 
f/^ and y^==^5T& ; we then have these, data, viz. the sum of 
Vwo numbers equal 148, and their product equal 576, to find 
those two numbers ; then 1484-23=:74=»t, and i»^:==5476 ; 
then 5476-^^6=4906, and -/4900=70=«/; therefore 24 
is the mean proportional, and 74-^70=4=0:, and 74+70 
=:144=2; ; and having before found ^=24^ the three requi** 
red numbers are 4, 24 and 144. 

3. Given the sum of three numbers in geometrical pro- 
gression equal 39; and the product of the two extremes equal 
81 ; to find those three numbers. • • 

First v^81=9=y, and 39— 9=30=sa;+z; we then have 
the sum of two numbers equal 90, and their product equal 
81, to find those two numbers; then S0-r*2=15=m, and 
m2=i225; then 225 — 81 = 144=^^, and ^144=12=^; 
therefore 15— 12=3, and 15+12=27; and having found 
y =9, the three required numbers are 3, 9 and 27. 

4. Given the sum' of three numbers in geometrical pro- 
gression e(|ual 124, and the product of the two first equal 
80 ; to find those three numbers. 

On trial it will be found that 9^=81 will be greater than 
80, and leave a square number equal 1 ; then 9—1=8, and 
9+1 = 10, and 10X8=s80 ; but this would not give three 
numbers in geometrical progression equal 124; then by fur- 
ther trial it will be found that 12 is the next number of which 
the square will leave a difierence between it and 80 equal a 
square number; then put 12=»i, and ffi^^l44; then 144 
— 80=64=ie/2, and V64=^ 8 =rf; therefore 12— 8=s:4=a:, 
and 12+8=20=y ; and having found the two first num- 
bers, the three required numbers will of course be 4, 20 and 
too, whose sum is 124. 



I 
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The 6rst term of four niimbers in gtonfetrical progfes** 
tioQ, thdr sum, and their contioued product^ being given j 
to find those numbers. 

The product, divided by ttie square of the first term^ 
fSves the square of the last term : which, divided by the 
first, gives the cube of the ratio ; th^n by dividing the fourth 
term by the ratio, tre get the tdird term, which of course 
will give ail the others. Or thus t Let «?, a;, y and z equal 
the four required numbers, p their product, and r their ratio; 
then will p^w^=z^j and 2-r »- -r'; then 2-i-rs=y, and y-~ 

. 1. Given the first of four numbers in geometrical prcf- 
sion equal 3, and their continued product equal 5^49 ; to 
find the ratio and the four numbers. 

First w'==9, and 59049-5-9 =6561 =«2; then ^6581=^ 
SI, and 81-rw=».27a»r'5st3 ; then 81-4-3=5s27*=y, and 27 
«r3=9=:x; and the four required numbers are 8, 9^27 
and ^1. 

In this problem the first term and the ratio being the same, 
the second term is equal to the square of the first ; xssw^^ 
ysssio', and zssir*. 

2. Given the first of four nuihber^ in geom^ical progres** 
siod eqiial 7^ and their continued product equal 37515627; to 
find the ratio and those four numbers. 

Firsi w»=549, and 375156274-49 or p-r-w^ =765625=: 
«2,and ^765.625=875=2^ then «-5-tt^l25=r»,and Vl25 
as53=r; then *-r-r=2X75=y, and y-rr=S5±=a;; and the 
fbnr required numbers are 7,35, 175 and 875. 

Or these pifoblems may be solved without any data except 
the product. Thud : 

Let Iff, Xy y and. x equal the four required numbers, p the 
product, m the mean proportional between the two means^ 
V the ratio, and 2d the, difference of the two means ; then 
will '^pssixy also wz ; we then have the product of the two 
means, also of the two extreities, to find those numbers (see 
case second) ; which when found will of course determine 
the ratio by which the four required ninnbers can he found; 

H 
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EllAMFLEB. 

3. Giv^en the continued product of fouv numbers in geo^ 
metrical progression equal 1 1664 ; to find the ratio and those 
four numbers. 

First VI l6(>4=t 108 £=xy; then the number, the square of 
iVhich is greater than -/p, and will leave a, remainder equal 
to a square number, is 122=144; then put 12i=»i, and m^ 
-^ Vp=:s36=flP, and ^36^6=d; therefore 12— 6==6=a;^ 
and 12+6=: 18=y; and having thus found a: and y, and 
the ratio, the four required numbers are 2, 6, 18 and 54. 

4. Given the continued product of four numbers in geo« 
metrical progression equal 298598r4 ; to lind the ratio and 
those four numbers. .: " 

First Vi>= 1728 =jrry; then on trial it trill be found that 
48 2 is greater than 1728, and will leave a difference equal to 
a square number ; then let 48*=i»»i, and m^=2304 ; then m^ 
^ y^p=:576=i?2^ an^ V576=^24=€?; therefore 4j8r*-24=? 
24=:a?, and 48+24=72=y ; and thu&having foood xwi 
y, and the ratio, the four required luimbei^ wiU of eout^e bft 
8^24, 72 and 216. 

5. Given the product of the two extremes of four num- 
bers in geometrical progression equal 243 ; to find the ratio 
and those four numbers. 

First by a few trials we sbaU find i 812=0324-^243=^5:81, 
which is, a square number ^ the»v*81~9, and 18—9=9, 
and 18+9=27; but these cannot be the two extremes; 
then take these for the two m^ans^ and the t3.tk> equal 3,. and 
w:e find the two extremes thus, 9-r3=ia=«'«r, and 27X3=3 
8l=«; and thus we have the fou» required numbers 3, 9> 
27 and 81. Or by fi^rther trials we shall, find 42* will leave 
a difference equal to a square number ;. then let 42=m, and 
^2 ^p^i521^d^j,md V1521«»39— rf^ the«efore.42--T39«» 
3=M7, and 42+39=s8l==2 ; and thus hay.ing found the tw6 
extremes to be 3 and 81, then z+w = 27rf^^, and V^^T^ 
=sr ; and the four required numbers are, ^s bef6re, 3, 9? .?f 

and 81. 

Or by having the rati^ven, thus,.|34i»*2=iJ*, th«e jfro- 
Weras may be solved thus : 

6. Given the ratio of' four numbers in geometrical pro-: 
gression .equal 3, and their continued product equal II6645 
to find those four numbers. 

First /•^=9, and p-T-r2=i296=a;;*;' Aep Vl296=6=p:K?> 
and thus having the ratio and the second term, thie four re- 
quired numbers are 2, 6, 18 and 54. 
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7* Given the ratio of four numbers in geometrical pro- 
gression equal 4, and their continued product equal 331776 ; 
|o find those four numbers. 

First r^^l6', then />-T-r2=20736==a;*, and V 20736= 
J2=^x ; thus having foupd Xy and the ratio being given^ tlie 
four required numbers are 3, 12, 4& and 192. 

CASE XXI. 

The ratio of four numbers in geometrical progression an4 
the sum of their squares being given ; to find those numbers. 

RULE. 

I 

Divide the sum of the squares by the square of the ratio 
+ 1, when the quotient will be equal to the square of. the 
third term more the square of the first ; then the product of 
the first and third is equal to the square of the second ; and 
thus having found the three first terms^ the fourth is given. 

Or thus : Let w?, a?, y and z, be the four required numbers, 
r the ratio, and 8^ the sum of their squares ; then s^-^r^^ 



EXAMPLES. ' 



1. Given the ratio of four numbers in geometrical pro- 
gression equal 2, and the sum of their square:^ equal 765 ; 

to find those four numbers. 

First r2+l = 5, and«2^(r+l)2=:153==y2+M,2. then 

Vl53=12=:y+9=tr2, and V9=*3==w; then «JXy=36= 
x^, and V36=6=ar; and having found the three first to be 
3, 6 and 12, and the ratio to be 2, the four required numbers 
ate 3, 6, 12 and 24. 

2. Given the ratio of four numbers in geometrical pro- 
gression equal 3, and the sum of their squares equal 13120; 
to find those four numbers. 

First r2+ 1=10, and s^--rl0=1312^t/^-\^w^; then the 
^^1312=36=;y+ 16=5:1^2, andVl6=4=w; then frXj/f= 
144=a;2, and v^l44=12=a;; and having found the three 
first numbers equal 4, 12 and 36,, the four required numbers 
are of course 4, 12, 36 and 108. 

Problems of this kind may also be solved without the ra- 
tio, by approximation ; thus, extract the square root of the 
sum of the squares, or take such a root as will leave a re- 
mainfder that is a square number ; then the number that will 
divide this, and produce a quotient that is a square number. 



X 
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will be (the square of the ratio less one) ; tlie first root wtl|i 
then pqu^l the sum of the two extremes^ and the remainder 
thus divided (or the q otient thus produced) will be equal tdi 
the square of the sec nd term. Or thus : Let Wy Xj y and 9 
equal the four numbers^ s^ the sum of their squares^ and r 
the ratio; then will -/^^ssfff-fz, and the remaiAder, divided 

S. Given the sum of the squares of four numbers in geo- 
inetrical prpgression equal 340; to find those numbers. 

First the square root nearest to 840 is 18^ and 18^»324{ 
and «^ — 1 8 ^ — 1 6, whi . is a square number ; then 1 6-t- 1 3= 
16, and iH^r— 1)^9 and ^ l6=4=sa; ; and thus having found 
;v=;:4, and r==2y t^e four required, numbers ^re 2, 4^ 8 and i& 

4. Giveq the sum of the squares of four numbers in geo^ 
metrical progression equal 65104 ; to find those numbers. 

First '^i^y to leave a remainder that is a square number, is 
252=w+z+l600 ., then the only number that will divide 
1600, and give a qur>tient that is also a s^quare number, is 16]; 
then I6b0-rl6=3l00««2, a„d^iooUiO=a?; thus having 
found 07=10, and r— 1= ^l6,or the ratio equal 5, we hav« 
of course the fojir required numbers^, 2, 10, 50 and 250. 

CA3E XXII. 

The ratio of five numbers in geometrical progression and 
their continued product being given ; to find those numbers. 

RULE. 

Let «, to, 0?, y and z equal the five required numbers, p 
their product, and r their ratio ; then will jp^r^srio^, aad 

KXJkMPLEB. 

1. Given the ratio of five numbers in geometrical pro- 
gression equal 2, and their continued product equal 32768 ; 
to find those five numbers. 

First r*=32, and p-rr*=l024;;=»*5 then Vl024=4==w> 
and w*-t-r*=32=»*,and y32=2=:t;; thus having found 
t7=2, and to=s4, the five required numbers are 2^ 4, 8, l6 
and 32. 

2. Qiven the ratio of five numhers in geometrical progres- 
sion equal 3, and their contii^ued product equal 1889568 ; to 
find those five numbers. 

First >*=s: 243, and p-f-r*as77j6a5ur*5 then V777e"r=! 
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AssWjand w' -rr* =32 =T?*, and V32=2=tT; thus having 
found 17=^2, and wss6y the five required nunibers are 2, 6^ 
J 8, 54 and l62. 

Or probiems of this kind, withoi^t the ratio given, may be 
iolved thus, p =?:«*; and haying found a;, then p-s-x^ss^y', 

, 3. Given the continued product of five numbers in gep^ 
laetrical prpgjression equal 32768 ; to find those numbers. 

First V327Q8=F8=a;, and x^=64 ; then 0-^x^=512^ 
2y2; then 5i2-r2:?=256=y^, and V256=?l6=y; thus ha- 
ving found 07==: 8, y=l6, and the ratio equal 2, the five re*- 
quired numbers are 2, 4, 8, l6 and 32. 

« 4. Given the continued product of five numbers in geo^ 
metrical progression equal 1889568 ; to find those numl^rs. 
First V|>=1 8^=0?, and x2=s324; then />-s-aj2=5g32= 
%', and 5832-4-2:552^16, and ^29l6:==54=y ; thus having 
found j;=sl8,ya=;54, and the ratio iequal 3, the five required 
numbers are 2, 6, 18, 54 and Jl62^ 

5. Given the continued product of five numbers in geo«> 
metrical progression equal 254803968 ; to find tho^e num* 
bers. 

First Vp=»48=::», and a;«=:2404; then p-^x^^l 10592 
svy^; then to find v^ a few trials will show that 1 10592-r 
3=36864, andy36864=:192=y^; and thus having found 
a;=:48, y=192, and the ratio equal 4, we have the five rc^ 
quired numbers 3, 12, 48, 192 and 768. 

CASE xxin. 

I 

The ratio of five numbers In geometricaf progression and 
the sum of ti^eir squares being given H to find those numben^^ 

Hulk. 

examples. 

1. Given the ratio of five numbers in geometrical pro? 
gression equal 2, and the sum of their squares equal 13d4 j 
to find those five numbers. 

First r2 + 1 =5, and 13644- 5=272+4 ; then V4=2=«i^, 
and the number, the square of which is less than 272, and 
leaves a difference equal to a square number, is l6 ; then 16? 
=256, and 272— 256=1 6=«73, and ^l6=4=w; andthui 
having found i;=2, w=4, and y^i6, we hiw© thi 1W« .r<^ 
fjuired numbers 2, 4, 8, X6^nd^?. 
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, g. Given the ratio of five numbers in geometrical prt>- 
jfession equal 3, and the sum of their squares equal 29^24; 
to find those five numbers. 

First r2 -1^1=10, apd 29.524-r J0a:2952+4 ; then ^4^2 
zxsj;^ an(i the number, the square of which is less than 29^2| 
and leaves a difference equal to a square number, is 54 ; then 
lety=:54,and 54'==29l6; dien 2952 —2916=36=;^^. and 
^56=6=w; thus having found »=:2, 11^5=6, and y=i^4f 
the five required numbers are 2, 6, 18, 54 and 162. 

S, Given the ratio of five numbers in geometrical pro- 
gression equal 4, and the sumof their squares equal 6291.45 ; 
to find those ^vf^ numbers. 

. First r.3» + l:fi=17,and«2^r24.i55=37008+9; thenV9 
pqSs^v, and the number, the square of which is less than 
S7008, and leaves a difierence equal to a squarp number, is 
J92; then put 192=5y, and 192'=*36864 ; then 37008— 
S68643sl44:irt^?, andv^l44rxl2=st0; thus having found 
2)=s3, ti7ssl2, and ^=192, the five required numbers are S, 
12.48, 15^2 and 768. 

,NoTE,~It will be observed, that, having the ratio giveh^ 
we have the solution, after finding v, without further inves* 
tigation. I have, however, pursued the theory, to prove its 
correctness. 

CASE XXIV. 

The sum of three numbers in harmonical proportion and 
their continued product being given ; to find those three 
numbers. 

RULE. 

The continued product of any three numbers in harmo- 
nica! proportion iS equal to the cube of the middle term, 
more the cube of the difference between the middle term 
and the greater extreme ; therefore find the nearest cube that 
is less than the product, and will leave a difference eqiml to 
a cube, and the solution is done ; for one-half the difference 
between the mean and the greater extreme is the difference 
between. the mean and the less extreme. 

EZAMPLBS. 

I.:. 

1... Given the $um of three numbers in harmonical propor- 
lioii e%ual 13, and tit^i^ continued product equal 72 ; to find 
(ilDse tbre^ numbers- ,. . . 

hex OP, m and z equal the three numbers, and d equal the 
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Afferenfi^ between the mean and the greater extreiii^ ? tlijra[ 
the nearest cube to 72, but less, is 4*i=64=m^, and 72—61 
ft=:8=<fSand V8=2«:<^; therefore' 4+2 fi6±=2, and 'iV 
2==I, and 4— I=£3s::c; and the three required dumbe]i| 
•re 3» 4 and 6. ' . . ' 

• • • . • 

2^ Given the sam of three numbers in harmonic^ ppppnp^ 
tion equal 26, and their continued product equal 576 ; to find 
those nui9be:r8t • 

Let Xy m and z equal the three tnuBbers, BXkd d the di&» 
fence between the mean apd greater extreme, as befor^^ 
then the nearest cube to 576,bytless, ts8^=r512 ; thenpZ!9 
^51^=s:64=»<i?)|md y64^^=d'i therefore S«=m,8-f4=5» 
12==z, and 8-— 2=6=:x; and the three rei|uired nuiabeiv 
are 6, 8 and 12. • 

3. Given the sum of three numbers in harmonical propor- 
tion equal 34§, and their continued product equal 1365^ $ 
to find those numbers. 

Let Xj fli, z and d equal as before ; then it will readily be 
observed that the nearest cube of that fraction, which is less 
than 1365J, is 10§=1213i^ ; then 1365J— 123 3^^=151^1 
and Vl51i^=:5i=rf; therefore 10§ -m, 1014.5^=^16== 
t, and 10§— 2§=:8=:::ui;; and the three required numbecs 
are 8, 10§ and 16. . 

CASE XXV. 

The sum of three numbers in harmonical proportion and 
the sum of their squares being given ; to find those three 
numbers. 

RULE. 

The sum of the squares of any three numbers in hainKH 
nical proportion is equal to three times the square o^ the 
mean or middle number, more three times the square of the 
difference between the mean and the greater extreme, more 
the square of the difference between the mean and the Ipss 
extreme ; therefore^ by dividing by 3, we have m^+d^+^ 

EXAMPLES. 

1. Given the sum of three numbers in harmonical propot^-- 
tion equal 13, and the sum of their squares equal 6l ; to 
find those three numbers. 

Let X, m and z equal the three numbers, and d the diffe- 
fence between m and z ; then 6l -7-3 =20j=m2 +d^ +,J a 
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M ; then the nearest square number that is Jess than 20| id ^^.^ ^ 

4«=: 16 ; then put 4=fni, and 20J— l6=4|=c?2 +i □ h^ V ^^^ 
then v4=^=^^+ij *"^ JX 3=1= D Jrf; therefore 4=Wj, '^:*^ 
4^1ss3s:a;,and 4+23=&»2; ; and the three required numt^ 
bers are d, 4 and 6. 

. 2. Given the supi of three numbers in harmonical proh 
portion equal 26, and the sum of their Squares eqtial 244 ; to 
find those three numbers^ 

First 244-=-3=8lJ=i»24-iP+jD^; then the square 
that is less than 81 J is 8^=64; then put 8*=m, and 81 J— 
64=17i^2^^+JOi<^; then V17|=4±xrf+ii, and l^x^ 
esnHandV4=2=Djcf; therefore 8=m, 8— 2=6=a?y 
and 8+4=12=2 ; and the three required numbers are^ of 
eDorse^ 6, 8 and 12. 
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